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^ I Abstract. In this paper, we first study the existence-uniqueness and large deviation 

^ ' estimate of solutions for stochastic Volterra integral equations with singular kernels in 

I 2-sniooth Banach spaces. Then, we apply them to a large class of semilinear stochastic 

'sj" ' partial differential equations (SPDE) driven by Brownian motions as well as by fractional 
Brownian motions, and obtain the existence of unique maximal strong solutions (in the 

' sense of SDE and PDE) under local Lipschitz conditions. Lastly, high order SPDEs in 

p ^ I a bounded domain of Euclidean space, second order SPDEs on complete Riemannian 

• ' manifolds, as well as stochastic Navier-Stokes equations are investigated. 
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1. Introduction 



The aims of this paper are three folds: First of all, we prove the existence and uniqueness 
of solutions with continuous paths for stochastic Volterra integral equations with singular 
kernels in a 2-smooth Banach space. Secondly, the large deviation principles (abbrev. 
LDP) of Freidlin-Wentzell type for stochastic Volterra equations are established under 
small perturbations of multiplicative noises. Thirdly, we apply them to several classes of 
semilinear stochastic partial differential equations (abbrev. SPDE). In particular, we give 
a unified treatment in certain sense for the LDPs of a large class of SPDEs. 

In finite dimensional space, stochastic Volterra integral equations with regular kernels 
and driven by Brownian motions were first studied by Berger and Mizel in [H]. Later, 
Protter [62j studied the stochastic Volterra equations driven by general semimartingales. 
Using the Skorohod integral, Pardoux and Protter also investigated the stochastic 
Volterra equations with anticipating coefficients. The study of stochastic Volterra equations 
with singular kernels can be found in [181 [201 [781 HSl [53l etc.]. Recently, the present author 
[82] studied the approximation of Euler type and the LDP of Freidlin-Wentzell type for 
stochastic Volterra equations with singular kernels. In particular, the kernels in [82j may 
deal with the fractional Brownian motion kernels as well as the fractional order integral 
kernels. The study of LDP for stochastic Volterra equations is also referred to [S31 [IS]. 

Since the work of Freidlin and Wentzell [26], the theory of small perturbation large devi- 
ations for stochastic differential equations (abbrev. SDE) has been studied extensively (cf. 
[31 [711 etc.]). In the classical method, to estabhsh such an LDP for SDE, one usually needs 
to discretize the time variable and then prove various necessary exponential continuity and 
tightness for approximation equations in different spaces by using comparison principle. 
However, such verifications would become rather complicated and even impossible in some 
cases, e.g., stochastic evolution equations with multiplicative noises. 

Recently, Dupuis and Ellis [21] systematically developed a weak convergence approach to 
the theory of large deviation. The central idea is to prove some variational representation 
formula for the Laplace transform of bounded continuous functionals, which will lead to 
proving a Laplace principle which is equivalent to the LDP. In particular, for Brownian 
functionals, an elegant variational representation formula has been established by Boue- 
Dupuis [9] and Budhiraj a- Dupuis [H]. A simplified proof was given by the present author 
[8T] . This variational representation has already been proved to be very effective for various 
finite and infinite dimensional stochastic dynamical systems even with irregular coefficients 
(cf. [nH [SSI [ISl [S21 [SSI etc.]). One of the main advantages of this argument is that one 
only needs to make some simple moment estimates (see Section 4 below). 

On the other hand, it is well known that in the deterministic case, many PDE problems of 
parabolic and hyperbolic types can be written as Volterra type integral equations in Banach 
spaces by using the corresponding semigroup and the variation-of-constants formula (cf. 
[27] [371 [58]). An obvious merit of this procedure is that the unbounded operators in 
PDEs no longer appear and the analysis is entirely analogous to the ODE case. Thus, 
one naturally expects to take the same advantages for SPDEs in Banach spaces. However, 
it is not all Banach spaces in which stochastic integrals are well defined. One can only 
work in a class of 2-smooth Banach spaces. The definition of stochastic integrals in 2- 
smooth Banach spaces and related properties such as Burkholder-Davis-Gundy's (abbrev. 
BDG) inequality, Girsanov's theorem, stochastic Fubini's theorem and the distribution of 
stochastic integrals can be found in [521 [TOl [HI [SH etc. ]. Thus, similar to the deterministic 
case, we can develop a parallel theory in 2-smooth Banach spaces for SPDEs. It should 
be emphasized that besides the usual SPDEs driven by multiplicative Brownian noises, 
a class of stochastic evolutionary integral equations appearing in viscoelasticity and heat 
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conduction with memory (cf. [S3]) as well as a class of SPDEs driven by additive fractional 
Brownian noise, can also be written as abstract stochastic Volterra equations in Banach 
spaces. 

In the past three decades, the theory of general SPDEs has been developed extensively 
by numerous authors mainly based on two different approaches: semigroup method based 
on the variation-of-constants formula (as said above) (cf. [771 [El IIHl [HI [121 [HOl etc.]) and 
variation method based on Galerkin's finite dimensional approximation (cf. [56l HH [68l 
1121 [SDl [SB [H21 [SB etc.]). A new regularization method is given in [HB]. An overview for 
the classification and applications of SPDEs are referred to the recent book of Kotelenez 
[42] . In the author's knowledge, most of the well known results are primarily concentrated 
on the mild or weak solutions, even measure-valued solutions. Such notions of solutions 
naturally appear in the study of SPDEs driven by the space-time white noises, and in this 
case one cannot obtain any differentiability of the solutions in the spatial variable. 

Nevertheless, when one considers an SPDE driven by the spatial regular and time white 
noises, it is reasonable to require the existence of spatial regular solutions or classical 
solutions in the sense of PDE. For linear SPDEs, such regular solutions are easy and well 
known (cf. [lH [SSI 123 etc.]). However, for nonlinear SPDEs, there seems to be few results 
(cf. [121 HBl [SB [SS])- A major difficulty to prove the spatial regularity of solutions is that 
one cannot use the usual bootstrap method in the theory of PDE since there is no any 
differentiability of solutions with respect to the time variable. The present author [81] (see 
also [321 [HS]) solves this problem by using a non-linear interpolation result due to Tartar 
[75] . Obviously, for the regularity theory of SPDEs, by using Sobolev's embedding theorem 
(cf. [1]), it is natural to consider the L^-solution of SPDEs. This is also why we need to 
work in 2-smooth Banach spaces. It should be remarked that the L^-theory for SPDEs 
has been established in[inilIB[I21[121[221[231IMl etc.]. But, there are few results to deal 
with the L^-strong solution in the sense of PDE. In the present paper, we shall prove a 
general result about the existence of strong solutions in the sense of both SDE and PDE 
(see Theorem 16.91) . 

We now describe our structure of this paper: In Section 2, we prepare some preliminaries 
for later use, and divide it into four subsections. In Subsection 2.1, we prove a Gronwall's 
lemma of Volterra type under rather weak assumptions on kernel functions. Moreover, two 
simple examples are provided to show this lemma. In Subsection 2.2, we recall the Ito 
integral in 2-smooth Banach spaces and Burkholder-Davies-Gundy's inequality as well as 
Kolmogorov's continuity criterion of random fields in random intervals. In Subsection 2.3, 
we recall the properties of analytic semigroups and prove a local non-linear interpolation 
lemma, see also |i75j for other related non-linear interpolation results. This lemma will 
play an important role in proving the existence of strong solutions (in the PDE's sense) in 
Theorems 17.21 and 18.21 below. In Subsection 2.4, we recall the criterion of Laplace principle 
established by Budihiraja and Dupuis [9| fT^ (see also [84j). 

In Section 3, using the Gronwall inequality of Volterra type in Subsection 2.1, we first 
prove the existence and uniqueness of solutions for stochastic Volterra equations in 2- 
smooth Banach spaces under global Lipschitz conditions and singular kernels. Next, in 
Subsection 3.2, we study the regularity of solutions under slightly stronger assumptions on 
kernels. Moreover, a BDG type of inequality for stochastic Volterra type integral is also 
proved. In Subsection 3.3, employing the usual localizing method, we prove the existence of 
a unique maximal solution for stochastic Volterra equation under local Lipschitz conditions. 
Lastly, in Subsection 3.4, we discuss the continuous dependence of solutions with respect 
to the coefficients. 

In Section 4, using the weak convergence method, we prove the Freidlin-Wentzell large 
deviation principle for the small perturbations of stochastic Volterra equations under a 
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compactness assumption and some uniform non-explosion conditions for the controlled 
equations. We also refer to [171 [66] for the application of weak convergence approach in 
the LDPs of stochastic evolution equations (the case of evolution triple). In the proof of 
Section 4, we need to use the Yamada-Watanabe Theorem in infinite dimensional space, 
which has been established by Ondrejat [54j (see also ^67| for the case of evolution triple). 
We want to say that although Ondrejat only considered the case of convolution semigroup, 
their proofs are also adapted to more general stochastic Volterra equations. Moreover, 
since we are considering the path continuous solution, the proof in J5^ can be simplified . 

In Section 5, a simple application in a class of semilinear stochastic evolutionary integral 
equations is presented, which has been studied in [171 IS HOl etc.] for additive noises. 
Such type of stochastic evolution equations appears in viscoelasticity, heat conduction in 
materials with memory, and electrodynamics with memory [63]. 

In Section 6, we apply our general results to a large class of semilinear stochastic evolution 
equations driven by multiplicative Brownian noise and additive fractional Brownian noise. 
A basic result in semigroup theory states that if / is a Holder continuous function in the 
Banach space X, then 



where Tt is an analytic semigroup and £ is the generator of Tj. We will use this result to 
prove the existence of strong solutions (in the sense of PDE) for semilinear SPDEs. More- 
over, we also give a simple result about the SPDE driven by additive fractional Brownian 
noises. The corresponding LDPs are also obtained (see also [7Tl|59lll5l [661 HH ^tc] for the 
study of LDPs of stochastic evolution equations). We remark that the skeleton equation 
for the LDP of SPDEs driven by fractional Brownian motion is a non-convolution type of 
Volterra integral equation. 

In Section 7, high order SPDEs in a bounded domain of Euclidean space are studied. 
Our stochastic version may be regarded as a parallel result in the deterministic case (cf. 
\5E\ p. 246, Theorem 4.5]). Moreover, the LDP is also obtained. 

In Section 8, we in particular study the second order stochastic parabolic equations on 
complete Riemannian manifolds. Under one-side Lipschitz and polynomial growth condi- 
tions, we obtain the global existence-uniqueness of strong solutions. When the manifold 
is compact, the LDP also holds in this case. In particular, stochastic reaction diffusion 
equations with polynomial growth coefficients are included. 

In Section 9, we first prove the existence and uniqueness of local L^-strong solutions for 
stochastic Navier-Stokes equations (SNSE) in any dimensional case. In the two dimensional 
case, we also obtain the non-explosion of solutions. Moveover, the LDPs for 2-dimensional 
SNSEs are also established in the case of both Dirichlet boundary and periodic boundary. 
We remark that the L^-solutions for SNSEs have been studied by Brzezniak and Peszat 
[T3] (bounded domain) and Mikulevicius and Rozovskii [19] (the whole space). The large 
deviation result for two dimensional SNSEs with additive noise was proved by Chang 
|16] using Girsanov's transformation. In ^0\, the authors also used the weak convergence 
method to prove the large deviation estimate for two dimensional SNSEs with multiplicative 
noises. But, it seems that there is a gap in their proofs [701 P-1655 line 6 and p. 1658 line 
2]. Therein, the v„ only weakly converges to v in 5*^- This seems not enough to derive 
their limits. 

We conclude this introduction by making the following CONVENTION: Throughout this 
paper, the letter C with or without subscripts will denote a positive constant, whose value 
may change from one place to another. Moreover, we also use the notation Ei ^ E2 to 
denote Ei ^ C ■ E2, where C > is an unimportant constant. 




%t-sf{s)ds is continuous in ^(£) 
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2. Preliminaries 

2.1. Gronwall's inequality of Volterra type. Let A := {(t, s) G : s ^t}. We first 
recall the following result due to Gripenberg [33l Theorem 1 and p. 88]. 

Lemma 2.1. Let n : A M+ be a measurable function. Assume that for any T > 



t ^ [ K{t,s)ds e L°°(0,T) 
Jo 



and 



lim sup 

40 



k{- + e, s)ds 



< 1. 



L°°(0,T) 



Define 

ri{t,s) := K{t,s), rn+iit,s) := hi(t,u)rn{u,s)du, n^N. 
Then for any T > 0, there exist constants Ct > and 7 G (0, 1) such that 



r„(-,s)ds 



^CTn7", VnGN. 



L°°(0,T) 



n=l 



(2.1) 



:2.2) 



(2.3) 



[2A) 



[2.5) 



The function r defined by (12.31) is called the resolvent of k. All the functions k in Lemma 
12. II will be denoted by J^. In what follows, we shall denote by the subclass of ^ with 
the property that 



In particular, the series 

00 

r{t,s) := ^r„(t,s) 

converges for almost all {t, s) G A, and 

r{t, s) — k{t, s) = [ k{t,u)r(u, s)du = / r(t,u)k{u, s)du 
and for any T > 

t ^ I r{t,s)ds G L~(0,T). 



lim sup 

40 



0. 



k(- + e, s)ds 

L°^(0,T) 

We also denote by J^i the set of all positive measurable functions k on A with the property 
that for any T > and some f3 = f3{T) > 1 

t^ [ K%t,s)ds e L°^{0,T). (2.6) 
Jo 

It is clear that J^i C C and for any Ki, K2 ^ ^ (resp. J^i) and Ci, C2 ^ 0, 

CiKi + G ^ (resp. ^1). 
Let ^ /i G Ll^{R+). If K(t, s) = h{s), then k G ^ and 

r(t, s) = /i(s) exp |y /;,(M)dM I ; 
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if K{t, s) = h{t — s), then n G JCq and 

r{t,s)=a{t-s):=^an{t-s), (2.7) 

n=l 

where ^ 

ai{t) = h{t), a„+i(t) := / - s)a„(s)ds. 

When ^ /i G L^(]R+), a classical result due to Paley and Wiener (cf. [511 p. 207, Theorem 
5.2]) says that 

/■oo 

a e L\R+) if and only if / h{t)dt < 1. (2.8) 

Jo 

In this case, a(s) = h{s)/{l — h{s)), where the hat denotes the Laplace transform, i.e.: 

POO 

h{s) := / e~''h{t)dt, s^O. 



We want to say that (12.81) is useful in the study of large time asymptotic behavior of 
solutions for Volterra equations. An important extension to nonintegrable convolution 
kernel can be found in [69l [38] (see also [33] ) . A simple example is provided in Example 
O below. 

We now prove the following Gronwall lemma of Volterra type (see also [371 Lemma 7.1.1] 
for of special convolution kernel). 

Lemma 2.2. Let k G and r„ and r be defined respectively by Ii2. 1\) and Ii2.3\) . Let 

f, g : ]R+ ]R+ be two measurable functions satisfying that for any T > and some n G N 

t^ frr,{t,s)f{s)dseL^{0,T) (2.9) 
Jo 

and for almost all t G (0, 00) 

f r(t,s)g{s)ds < +00. (2.10) 
Jo 

If for almost all t G (0, 00) 

f{t)^g{t)+ [\{t,s)fis)ds, (2.11) 
Jo 

then for almost all t G (0, 00) 

f{t)^g{t)+ [ r{t,s)g{s)ds. (2.12) 
Proof. First of all, if we define 

h{t) ■.= g{t)+ [ r{t,s)g{s)ds, 



then by (I23D and (IXTOi) 

h{t) = g{t) + I K{t, s)h{s)ds for a.a. t G (0, 00). 
Jo 

Thus, by (12. lip we have 

f{t)-h{t)!^[ K{t,s){f{s) - h{s))ds for a.a. t G (0,00). (2.13) 
Jo 



Set f{t) := /(t) - h{t) and define 

f*{t) := esssup /(s), t>0 

se[o,t] 

and 

ro:=inf{t>0:f(t)>0}. 
Clearly, t i— * is increasing and 

f{t) ^ for a.a. t E [0,ro). (2.14) 

We want to prove that 

To = +00. 

Suppose To < +00. Iterating inequality fl2.13p . we obtain 

f{t)^ [ r4t,s)f{s)ds^ [ r„(t,s)/(s)ds, Vn G N. 
Jo Jo 

By (12.91) . one knows that < f*{t) < +00 for any t > tq. Moreover, we have 
fit) ^ / r^{t,s)f{s)ds^r{t) r„(t,s)ds, VriGN. 

J TO J TO 

So, for any T > Tq 



< f*{T) ^ f*{T) 



r„(-,s)ds 



TO 





L°°(to,T) 

as n ^ 00, which is impossible. So, tq = +00. □ 

The following two examples show that fl2.12p is sensitive to k G J^. 
Example 2.3. For Co > 0, set 

It is clear that 

/■* 

/ ncoit, u)du = Co((7r/2) — arcsin(s/t)). 

J s 

From this, one sees that 

i JT, if Co ^ 2/7r; 
KCoeJrn^^ ifO<Co<2/7r. 
Consider the following Volterra equation 

x(t) = / Kco(t, s)x(s)ds, t ^ 0. 



If Co = 1, there are at least two solutions x{t) = and x{t) = t; if Co = ^, there are 
infinitely many solutions x{t) = constant; if < Co < 2/tt, by Lemma [2.21 there is only 
one solution x{t) =0 in L^^(R+). 

Example 2.4. For Co > and a,/3 e [0, 1), set 

f^Coit.s) := ^<^- 

It is clear that 

" .-f (t, .)d. = Cot'—^ £ (T^Tj^d^- (2.15) 
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From this, one sees that 

' Kef ^ if a + /5 > 1 and Co > 0; 

f^cf ^ if a + /5 = 1 and Co ^ j^^^v^ds; 
K^f G ^ n if a + /3 = 1 and Co < ^^r^^^ds; 

^ ACcf G ^>i, if a + /5 < 1 and Co > 0. 
Consider the following Volterra equation 

x{t) = [ kcf{t,s)x{s)ds, t^O. 
Jo ' 

If a + /3 < 1, by Lemma [2.21 there is only one solution x{t) = in L;^^(M+); ii a = (3 = 
Co = 1/2, there are at least two solutions x(t) = and x{t) = \ft. 

2.2. Ito's integral in 2-smooth Banach spaces. Throughout this paper, we shall fix a 
stochastic basis (fi, JF, P; {Tt)v^Q)-, i.e., a complete probability space with a family of right- 
continuous filterations. In what follows, without special declarations, all expectations E 
are taken with respect to the probability measure P. 

Let {W^{f) : t ^ 0, A; G N} be a sequence of independent one dimensional standard 
Brownian motions on {Q,J-',P; {J-'t)t^o)- Let be the usual Hilbert space of all square 
summable real number sequences, {et, k G N} the usual orthonormal basis of Let X be 
a separable Banach space, and X) the set of all bounded linear operators from to 
X. For an operator B G X), we also write 

P = (Pi,P2,---)eX^, Bk = Bek. 

Definition 2.5. An operator B G L(/^;X) is called radonifying if 

the series Pejt ■ W^^(l) converges in L^(fi;X). 

k 

We shall denote by L2(/^;X) the space of all radonifying operators, and write for B G 

||P|U,(P;X) := (E\\Bek-W\l)\\iy\ (2.16) 

Here and below, we use the convention that the repeated indices will be summed. 

The following proposition is well known, and a detailed proof was given in [5^ Proposi- 
tion 2.5]. 

Proposition 2.6. The space L2(/^;X) with norm Ii2.16\) is a separable Banach space. 

In order to introduce the stochastic integral of an X-valued measurable (JFj)-adapted 
process with respect to W, in the sequel, we assume that X is 2-smooth (cf. |60j), i.e., 
there exists a constant Cx ^ 2 such that for all x, ?/ G X 

Ik + y\\l + \\x - y\\l < 2||x||| + CxWvWl. 
Let now s B{s) be an (/^; X)-valued measurable and (jF4)-adapted process with 

/ ||S(s)||i,(,.^x)d^<+oo, VT>0. 
Jo 

One can define the Ito stochastic integral (cf. |54, Section 3]) 

t^It{B):= [ B{s)dW{s)= [ Bk{s) ■dW''{s) eX 
Jo Jo 
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such that t It{B) is an X- valued continuous local (^t)-martingale. Moreover, let r be 
any (JF^) -stopping time, then 



/ Bis)dWis)= / l{s<r}-Bis)dWis). 
Jo Jo 

The following BDG inequality for It{B) holds (cf. [54, Section 5]). 

Theorem 2.7. For any p > 0, there exists a constant Cp > depending only on p such 
that 



E I sup 

te[o,T] 



Bis)dWis)f] ^CpE(^£ \\Bis)\\l^,,.^^^ds^ ' . (2.17) 



The following two typical examples of 2-smooth Banach spaces are usually met in appli- 
cations. 

Example 2.8. Let X be a separable Hilbert space. Clearly, X is 2-smooth. In this case, 
L2{P] X) consists of all Hilbert-Schmidt operators of mapping l"^ into X, and 



|2 



vfc=l 



Example 2.9. Let {E,S,fi) be a measure space, EI a separable Hilbert space. For p ^ 2, 
let LP{E, /i; H) be the usual H- valued L^-space over {E, S, /x). Then X = Lp{E, fi; H) is 2- 
smooth (cf. [601 [To]). this case, by BDG's inequality for Hilbert space valued martingale 
we have 



|5|IL(P;X) = E(^JjB,ix)-W\l)\\lf,{dx)^ 



2/p 



Hence 



^ (y|^E||5,(x)-iy'=(i)||Xdx)) 

^ CJ (5^||5fe(x)||^)' Mdx) 

V"^^ k=i 

= Cp\\B\\1p,^ (2.18) 



LP{E, /i; f^M)^ L2{f; X) = L2(/'; LP{E, /i; H)). 



We also recall the following Kolmogorov continuity criterion, which can be derived di- 
rectly by Garsia's inequality (cf. [77j). 

Theorem 2.10. Let {X{t),t ^ 0} be an X-valued stochastic process, and r a bounded 
random time. Suppose that for some Co,p > and 6 > 1 

E||(X(t) - Xis)) ■ lis,tmr]}\\l < Co\t - s\'. 

Then there exist constants Ci > and a G (0, {6—l)/p) independent ofCo and a continuous 
version X of X such that 
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2.3. A local non-linear interpolation lemma. In what follows, we fix a densely defined 
closed linear operator £ on X for which 

:= {A G C : < ^ I argA| ^ tt} C p(£), (2.19) 

and for some C ^ 1 

||(A-£)-i|U(x)^YTW' 

where denotes the resolvent set of £. The above operator £ is also called sectorial 
(cf. [371 p. 18]). It is well known that £ generates an analytic semigroup 

% = e"^, t ^ 0. 

Moreover, we also assume that £^^ is a bounded linear operator on X, i.e., 

G p(£). 

Thus, for any a G M, the fractional power £" is well defined (cf. [371 EH!)- For a > 0, we 
define the fractional Sobolev space Xq, by 

X« := ^(£") 

with the norm 

W^hc ■= ll'2"x||x. 

For a < 0, Xq, is defined as the completion of X with respect to the above norm. It is clear 
that Xq is still 2-smooth, and B G L2{P; Xq) if and only if £°5 G L2(/^; X), i.e., 

\\B\\l2{P-X^) = ||£°i?||L2{P;X)- (2.20) 

The following properties are well known (cf. [371 p. 24-27] or [58l p.74]). 

Proposition 2.11. (i) Tj : X ^ Xq for each t > and a > 0. 
(ii) For each t > 0, a G M and every x G Xq, Tf£"x = £"Xja;. 
(Hi) For some 6 > and each t,a > 0, the operator £"Tf is bounded in X and 

\\S^'"%x\\x K CQr"e"^*]|a;||x, Vs G X. 

(iv) Let a G (0, 1] and x G Xq, then 

\\%x - x\\x ^ CQt"||x||x,. 

(v) For any ^ P < a 

WxWufj < Ca,l3\\x\\ "IfIII^, Vx G Xq. 

We need the following embedding result. 
Proposition 2.12. For any < 9 < 1 and a > 

{L2{f; X), L2(/'; Xq)),,i C L2(/'; (X, Xq),,i) C L2(/'; X^q), (2.21) 
where (■, ■)e^i stands for the real interpolation space between two Banach spaces. 

Proof. We only prove the first embedding. The second embedding follows from [TGj p. 101, 
(d) and (f)], i.e., 

(X, Xq)^^! C XgQ. 

Let 

5g (L2(/';X),L2(/';XQ))e,i =: Be,i. 
By the iiT-method of real interpolation space, we have (cf. [76l p. 24]) 

_ r t-'mB) 

\\^\me,i — / ^ 
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where the i^'-function of B is defined by 

K{t,B):= inf { ||fil||L.(/2;X) + t||fi2||L.(P;5 
i>=i>l+±>2 

By Definition 12.51 we have 
K{t,B) 



t > 0. 



^^inf_^^ \ (E||5ie. ■ W\l)\\i)' +t(E\\B,e, ■ W\l)\\i^ 



^ ^^inf_^^ I (E[\\B,ek ■ W\l)\U + t\\B,e, ■ W\l)\W^\ 



2\ 2 



inf WlB^e.-Wm^ + tllB^e.-Wm 

L -D = -Dl+_D2 



K{t,Bek -Wil)) 
K{t,Bek-W''{l)) : 



where 

inf 

Bek-W" {l)=xi+X2 

Therefore, by Minkowski's inequahty we obtain 



||a;i||x + t||x2||x„}. 



2\ 2 



E||5efc-iy'=(l)f 



(X,Xc«)e,i 



L2(/2;{X,Xc)9,i)- 



The resuh follows. 



□ 



The following local non-linear interpolation lemma will play a crucial role in the proofs 
of Theorems 17.21 and 18.21 below. We refer to |75] for some other nonlinear interpolation 
results. 

Lemma 2.13. Let ^ < ai ^ 1 and ^ 0^2 < ^ 1- Let ^ : Xq,q -> L2{P]Xa^) 
be a locally Lipschitz continuous map, and satisfy that for all R > and x G Xq,^ with 
\\x\\x^ ^ 

Then for any < 9' < 9 < I and R> 



sup 

iO+e(ai-ao) 



Proof. By fl2.20p . we may assume that 02 = 0. Fix R> and x G X, 



ao+9(ai—ao) 



with 



.„/ ^ ^ R- 



Set for t ^ 



Kit,^ix)) := mi {\\^i\\L,{P;X)+m2\\L,iP;X^,)]. 



For S > and t G [0, 1], noting that 

II I ll^aQ — II II^CKQ — II \\-^aQ-{~e{a-^—aQ) — ' 

by the assumptions and (iii) and (iv) of Proposition 12.111 we have 

K{t,^{x)) ^ \\^{x)-^{%sx)\\L,il2,x)+t\\^{%sx)\\L,iP,x^^) 

^ CnWltsx - x||x., + Cnt ■ (1 + \\1t^xh^J 
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Letting 5 = ^^^^^ , we obtain that for t G [0, 1] 

Moveover, it is clear that for t ^ 1 

K{t,^{x)) ^ ||^(x)|U,(p^x) ^ Cr\\x\U, + ||v[/(0)|U,(P;X) ^ Cr. 
Hence, for any < 9' < 9 < 1 

'^(x)\\(L,(i^-x)M{i';X^,))o'.i = I dt 







t 

dt+ / dt 



^ C 



t 

The result follows by flZ^ . □ 

2.4. A criterion for Laplace principles. It is well known that there exists a Hilbert 
space so that P CV is Hilbert-Schmidt with embedding operator J and {W''(t),k G N} 
is a Brownian motion with values in U, whose covariance operator is given hj Q = J o J* . 
For example, one can take U as the completion of with respect to the norm generated 
by scalar product 

For T > and a Banach space B, we denote by B{M) the Borel a-field, and by Ct(B) 
the continuous function space from [0,T] to B, which is endowed with the uniform norm. 
Define 



S^h = j^h{s)ds: heL\0,T-f)'^ (2.22) 



with the norm 

/ rT X 1/2 

\\hhy.= ( / \\h{s)\\lds 



where the dot denotes the generalized derivative. Let /i be the law of the Brownian motion 
W in Ct(U). Then 

(Cr(U),4,/x) 

forms an abstract Wiener space. 
For T,N >0, set 

Djv := {h e il : \\h\\,2^ ^ N} 

and 

1 h : [0,T] ^ is a continuous and (.7-i)-adapted 1 ^ 
^ I process, and for almost all cu, h{-,uj) G I!>n J 

It is well known that with respect to the weak convergence topology in (cf. |41j). 

Dtv is metrizable as a compact Polish space. (2.24) 
Let S be a Polish space. A function / : S — > [0, oo] is given. 
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Definition 2.14. The function I is called a rate function if for every a < oo, the set 
{/ G S : /(/) ^ a} is compact in S. 

Let {Z^ : Ct(U) ^ S, e G (0,1)} be a family of measurable mappings. Assume that 
there is a measurable map : £^ ^— § such that 

(LD)i For any > 0, if a family {/i^, e G (0,1)} C Ajj- (as random variables in D^v) 
converges in distribution to h E Aj^, then for some subsequence e^, Z^^, ^ ■ 
converges in distribution to ZQ{h) in §. 

(LD)2 For any > 0, if {hn,n G N} C ©at weakly converges to /i G i"^, then for some 
subsequence hn^, Zo{hnJ converges to Zo{h) in §. 

For each / G S, define 

/(/):=- inf \\h\\l, (2.25) 

where inf = oo by convention. Then under (LD)2, /(/) is a rate function. In fact, 
assume that /(/n) ^ a- By the definition of I{fn), there exists a sequence hn G £2 such 
that Zo{hn) = fn and 

1,1, ,,2 1 

77 /in £2 ^ a + -. 

2 '^T n 

By the weak compactness of ©20+2, there exist a subsequence rifc (still denoted by n) and 
h E i"^ such that /t„ weakly converges to h and 



Hence, by (LD)2 we have 



|/i||^2 ^ lim ||/iri||£2 ^ 2a. 



lim ||Zo(/i„J - Zo^njiis 

fc— >oo 



and 

J(Zo(/i)) ^ a. 

We recall the following result due to [9l [H] (see also [HI Theorem 4.4]). 

Theorem 2.15. Under (LD)i and (LD)2, {Z^,e G (0, 1)} satisfies the Laplace principle 
with the rate function I{f) given by Ii2.25\) . More precisely, for each real bounded continuous 
function g on S: 



lira e log ( exp 



inf{^?(/) + /(/)}. (2.26) 

/6s 



In particular, the family of {Z^, e G (0, 1)} satisfies the large deviation principle in (S, B{E>)) 
with the rate function I{f). More precisely, let be the law of Z^ in (§, ;B(S)), then for 
any A G i3(§) 

— inf /(/) ^ liminf elogz/e(y4) ^ lim sup e log z/^ (A) ^ — inf_/(/), 

/6^° /SA 

where the closure and the interior are taken in S, and I{f) is defined by 112. 25\) . 
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3. Abstract stochastic Volterra integral equations 

In this section, we consider the following stochastic Volterra integral equation in a 2- 
smooth Banach space X: 

X{t)=g{t)+ [ A{t,s,X{s))ds+ [ B{t,s,X{s))dW{s), (3.1) 
Jo Jo 

where g{t) is an X-valued measurable (J?-i)-adapted process, and 

A: AxQxX^Xe Ma x B{X) /B{X) 

and 

B : AxnxX^ L2(/^; X) G Ma x i3(X) /i3(L2(/^; X)). 

Here and below, A := {(t, s) G : s ^t}, and Ma denotes the progressively measurable 
(T-field on A X Q generated by the sets E G B{A) x T with properties: 1_b(^, s, ■) G JF^ for 
all (t, s) G A, and s ^ l£;(t, s, cj) is right continuous for any t G M+ and a; G fi. 

We start with the global existence and uniqueness of solutions of Eo. (13.11) under global 
Lipschitz conditions and singular kernels. 

3.1. Global existence and uniqueness. In this subsection, we make the following global 
Lipschitz and linear growth conditions on the coefficients: 

(HI) For some p ^ 2 and any T > 

ess sup / [Ki(t, s) + fi;2(t, s)] ■ E||(7(s)||^ds < +00, 

ie[0,T] Jo 

where k\ and K2 are from (H2) and (H3) below. 
(H2) There exists k\ G such that for all (t, s) G A, G and x G X 

||A(t,s,u;,x)||x ^ ^^lit,s) ■ (||x||x + l) 

and 

||5(t,s,^,a;)||i^(p.x) ^ /«i(t,s) • (||x||| + 1). 
(H3) There exists G such that for all (t, s) G A, G i7 and x, y G X 

\A{t,s,u),x) - v4(t, s,u;,?/)||x ^ K2(t,s) • ||x - y||x 

and 

||5(t,s,u;,x) -5(t,s,u;,?/)||i2(;2.x) ^ i^2{t,s) ■ \x - yf^. 
We now prove the following basic existence and uniqueness result. 

Theorem 3.1. Assume that (H1)-(H3) hold. Then there exists a unique measurable 
(J-'t) - adapted process X{t) such that for almost all t ^ 0, 



X{t)=g{t) + J A{t,s,X{s))ds+ / B{t, s, X{s))dW{s), P-a.s. (3.2) 
and for any T > and some Ct,p,k,i > 0, 

E\\Xit)\\l^CT,,,., 



lE||5'(^)llx + esssup / Ki{t, s) ■ E\\g{s)\\^ds 
te[o,T] Jo 



:[0,T] , 

for almost all t G [0,T], where p is from (HI). Moreover, if 



(3.3) 



t^ [ /ti(t,s)ds G L~(R+), (3.4) 
Jo 
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then for almost allt^O 

E\\Xit)\\l ^ C,,.JE 



+ / rii^{t,u) 



+ / ^i(t,s)-E||5(5)|||ds 



Ki{u, s) ■ 'E\\g{s)\\^ds du 



(3.5) 



where ki = Cp^^^ ■ ki, r^^ is defined by Ii2.3\) in terms of ni, and Cp^Ki,Cp,Ki are constants 
only depending on p, ki . 

Proof. We use Picard's iteration to prove the existence. Let Xi{t) := g{t), and define 
recursively for ri G N 

Xn+iit) = g{t) + f A{t,s,Xr,.{s))ds+ [ B{t,s,X,,{s))dW{s). (3.6) 
Jo Jo 

Fix T > below. By (H2), the BDG inequality (12.171) and Holder's inequality we have 
E||X„+i(t)||| ^ E\\g{tW^ + E( f \\A{t,s,Xn{s))hds^ 

+E 



B{t,s,Xr,{s))dW{s) 



E 



Ki{t,s)-{\\Xn{s)h + l)ds 

+E( / \\Bit,s,X^{sm%^,.^)ds 



-< E 



m{t,s)-E{\\X4s)\\l + l)ds 



t \ p-1 

Ki{t, s)ds 



+ K,{t,s)-E{\\X^{s)\\l + l)ds- { K,{t,s)ds 



£-1 

2 ^ 



^ E 



I + Ct,p ■ Ct + Ct,p [ ^i{t, s) ■ E||X„(s)|||ds, 
Jo 



(3.7) 



where Ct '■= esssup^g^ | Jg /ti(t, s)ds| and Cr,p := + Cf' 
Set 



/^(t):= sup E\\Xn{t)\\i. 

n=l,--- ,m 



Then 



fUt) ^ Ct,p,.,(e 



+ 1 



/«l(i, -S) ■ /m(s)ds, 



where ki = Ct,p,ki ■ i^i and the constant Ct,p,ki is independent of m. 
Let be defined by (12. 3p in terms of ki. Note that by (12. 4p 



r^,(t,s)-E||^(s)||^ds- / /ii(t,s)-E||^(s)|||ds 



rii^{t,u)Ki{u,s)du] ■ E||5((s)|||ds 



\Js 

t 





Ki{u,s) ■ E||5f(s)|||ds ) du. 
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Hence, by Lemma [2.21 and (HI), we obtain that for almost all t G [0,T] 

supE||X„(t)||| = Mm Uit)^CT,p,.AE\\g{t)\\l+ [ r~,,{t, s) ■ E\\g{s)\\lds 

neN V Jo 

Ri{t,s) ■ E\\g{s)\\^^ds 



^ CT,p,.AE\\g 



+ rii^{t,u)[ Ki{u,s) ■E\\g{s)\\lds ] du 



IE||fi'(t)||x + esssup / Ki{t,s) ■E\\g{s)\\lds 
te[o,r] Jo 



(3.8) 
(3.9) 



On the other hand, set 

Zn,m(t) := Xn(t) — X^it). 

As the above calculations, by (H3) we have 



E\\Zn+l,m+l{tWx ^ E 

+E 



{A{t, S, Xn{s)) - A{t, S, Xm{s)))ds 



{B{t, S, X„(S)) - B{t, S, Xrn{s)))dW{s) 



^ / K2{t,s)-E\\Zn,m{s)\\lds. 



Set 



f{t) :=limsupE||Z„,„(t)|||. 



n,m—*oo 



By (13.91) . (HI) and using Fatou's lemma, we get 

fit) ^ f K2{t,s)-f{s)ds. 

Jo 

By Lemma [2.21 again, we have for almost all t G [0,T] 

/(t) =limsupE||Z„^ 



0. 



n,m— >oo 



Hence, there exists an X-valued (jF()-adapted process X{t) such that for almost all t G [0, T] 

lim E||X„(t)-X(t)||| = 0. 

n— >oo 

Taking limits for (13.61) . one finds that (13.21) holds. 

Moreover, the estimate (13. 3p follows from (13. 9p . Note that when (13.41) is satisfied, the 
constant Ct,p in (13.71) is independent of T. Hence, the estimate (13.51) is direct from (13.81) . 
The uniqueness follows by similar calculations as above. □ 



Example 3.2. Let for 5 > 



h{s) := t>s^O. 

s log s 



It is easy to see that h G L^(]R4.). Consider the following stochastic Volterra equation: 

X{t) =xo^/\log{tAl)\+ [ h{t-s)A{X{s))ds+ [ ^h{t-s)B{X{s))dW{s), 

Jo Jo 



where A : H —>■ IL and B : —>■ L2(/^;X) are global Lipschitz continuous functions. By 
elementary calculations, one finds that 

/■* e-^(*-")|log(s Al)| , 

sup / — 27 < 

t>o Jo [t - s) log [t - s) 

So, (H1)-(H3) are satisfied with p = 2. Moreover, by fl2.8p and (13.51) . one finds that if 6 
is large enough, then for any T > 

supE||X(t)||| < +00. 
We remark that in this example, X{0) = oo. 

3.2. Path continuity of solutions. In this subsection, in addition to (H2) and (H3), 

we also assume that 

(HI)' The process t g{t) is continuous and (JFj)-adapted, and for any p ^ 2 and T > 

e( sup \\git)fx] <+oo. 

\mo,T] J 

(H4) For all s < t < t' , io e ^ and x G X 

\\A{t',s,u;,x)-A{t,s,iu,x)\\^ ^ X{t' ,t, s) ■ {\\xh + I) 

and 

\\B{t',s,uj,x) - B{t,s,uj,x)\\l^i^i2.^) ^ A(t',t, s) ■ (||a;||| + 1), 

where A is a positive measurable function satisfying that for any T > and some 
7 = 7(T),C = C(r)>0 

/ X{t',t,s)ds ^C\t' -t\^, 0^t<t'^T. (3.10) 
Jo 

Theorem 3.3. Assume that (HI)' and (H2)-(H4) hold, and the kernel function ki in 
(H2) belongs to J^^i. Then there exists a unique H-valued continuous (J-'t)- adapted process 
X{t) such that P-a.s., for all t ^ 

X{t)=g{t)+ [ A{t,s,X{s))ds+ [ B{t,s,X{s))dW{s) (3.11) 
Jo Jo 

and for any p ^ 2 and T > 0, 

E I sup ||X(t)||^ I < +00. (3.12) 

\te[o,T] J 

Moreover, if for some 6 > and any p ^ 2,T > 0, it holds that 



n9{t')-9{tmi^cTjt'-t 



5p 



then, t ^ X{t) admits a Holder continuous modification and for any p ^ 2,T > and 
some a > 



\X{t')-X 



p 



E I sup ""V,; i ^ CT,,,a. 



t' - f-p 



Proof. First of all, for any p ^ 2 and T > 0, by (HI)' and (13.31) we have 

esssup E||X(t)||| < +00. (3.13) 

ie[o,T] 
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Set 



and write for < t < t' < T 



J{t) ■= [ B{t,s,X{s))dW{s) 
Jo 



m - Jit) 



[B{t',s,X{s))-B{t,s,X{s))\m{s) 



+ ^ B{t\ s, X{s))dW{s) =: Ji(t', t) + J2{t', t). 



In view of ki G ^>i, ^M) holds for some f3 > 1. Fix p ^ 2{(3* := f3/{f3 - 1)). By the BDG 
inequality (12 .171) . (H2) and Holder's inequality we have 

E\\Mt',t)\\l ^ K^{t',s)-{\\X{s)\\l + l)d, 

p 

I' kfit',s)ds\ ^\(l\\\X{s)ff + l)ds 



p 



^ \t'-t\^^'J^ {E\\X{s)\\l + l)ds 



and by (H4) and Minkowski's inequality 



n\ji{t 



I +MIP 



\{t\t,s)-{\\X{s)\\l + l)ds 
A(t',t,.)-((E||X(s)|gi + l)d. 



Km 

-< 



Hence, for all ^ t < f ^ T 

E|| J(t') - J(t)||| ^\t- t'\^ + \t- t'\^. 
Similarly, we may prove that for all ^ t < t' ^ T and p ^ (3* 



E 



[ A{t',s,X{s))ds- [ A{t,s,X{s))ds 
Jo Jo 



The desired conclusions follow from Theorem I2.10[ 



□ 



We conclude this subsection by proving a lemma, which will be used frequently later. 
We put it here since the proof is similar to Theorem I3.3[ 

Lemma 3.4. Let r be an (J^t)- stopping time and 

G:AxQ^ L2(/^; X) G MA/B{L2{f] X)). 
Assume that for all ^ s < t < t' and uj E Q 



11^(^,5, a;) lli^(p.x) ^ K{t,s) ■ f{s,uj), 
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(3.14) 



\\G{t',s,uj)-Git,s,uj)\\l^i,.^^^ ^ X{t',t,s)-f{s,uj), (3.15) 
where n 6 Jt>i and for any T > and some a > 1 and 7 > 

Jo 

and {s,uj) 1— > f{s,uj) is a positive measurable process with 

E (^j^ F{s)d.^ < +00, Vp ^ 2. 

Then t 1— J(t) := G{t, s)dW{s) E X admits a continuous modification on [0,r), and for 
any T > and p large enough 



E I sup 

te[0,TAr] 



G{t,s)dW{s] 



^ GtE 



TA7 



where the constant Gt is independent of f and t. 
Proof Fix T > and write for ^ t < t' ^ T 

At') - J{t) 



G{t',s)dW{s)+ [ [G{t',s)-G{t,s)]dW{s) 
Jo 

■■ Jl{t',t) + J2{t',t). 



In view of k G and (12.61) . by the BDG inequality (12.171) and Holder's inequality we 

have, for some /3 > 1 and p ^ 2{/3* = /3/{/3 - 1)), 

p 



E\\Ji{t',t)-l{t',te[o,r) 



^ E 



^ E 



EH 

^ E 



t'AT 

tAT 
t'AT 

tAT 
t'AT 

tAT 



G{t',s)dW{s] 



\m',s)\\i^,,.^^)ds] 



\ P/2 



K{t',s)-f{s)ds 



p/2 



(pt \ I pt' At 

^ It'-tl^-'-E^^'^^ f%s)ds^ 



p 

20* 



and for p ^ 2{a* = «/(«- 1)), 

E\\Mt',t) ■ l{t',tmr)}K ^ E (^""^ \\G{t',s) - G(t,.)||i^(,.^)ds^ 



p/2 



13351 

^ E 



-< 



tAT \ p/2 

\{t',t,s)-f{s)ds 



X"{t',t, s)ds 



V 

2a 



E 



tAT 



/2°*(s)ds 



p 

2a* 



^ \t' -t\^ -eI^J^ /^(s)ds^ 
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Hence, for any p ^ 2(a* V and ^ t < t' ^ T, 

, / f^T^T 

E||(J(t') - Jit)) ■ l{t'M^,r))\\l ^ It' .E ^ /^(.)d. 

The desired result now follows by Theorem 12.101 □ 

3.3. Local existence and uniqueness. In this subsection, we assume that 

(H2)' For any i? > 0, there exists Ki^r G J^i such that for all (t, s) G A, G i7 and 
X G X with ||x||x ^ R 

\\A{t,s,uj,x)\\^+ \\B{t,s,uj,x)\\\,^(^i2.^) ^ Ki^nit.s). 

(H3)' For any i? > 0, there exists K2^r G J^q such that for all (t, s) G A, G f2 and 
x,y eX with ||a;||x, \\y\\x ^ R 

\\Ait,s,uj,x) - A{t,s,uj,y)\\x ^ ^2,^(^,5) • \\x - y\\x 

and 

\\B{t, s, a;) - B{t, s, uj, y) \\\.^(^i2.x) ^ '^2,i?(t, s) • ||x - ?/|||. 

(H4)' For any i? > 0, there exists a measurable function \r satisfying that for any T > 
and some 7, C > 

f \R{t',t,s)As^C\t' -ty, 0^t<t'<T, 

such that for all s < t < t', G and s G X with ||a;||x ^ -R, 

||v4(t', S, X) - S, CJ, X) ||x + \\B{t\ S, U, X) - Bit, S, U, x) ||i,(;2.x) 

^ XR{t',t,s). 

We first introduce the following notion of local solutions. 

Definition 3.5. Let r be an (J-'t) -stopping time, and {X{t)]t G [0,r)} an H-valued con- 
tinuous (J-'t)- adapted process. The pair of {X,t) is called a local solution of Eq. / 1 5*. ij) if 
P-a.s., for all t G [0, r) 

X{t)=g{t)+ [ A{t,s,X{s))ds+ [ B{t,s,X{s))dW{s); 
Jo Jo 

{X,t) is called a maximal solution of Eo. liS. 1\) if 

lim cj) ||x = +C)0 on {u : t{uj) < +00}, P — a.s.. 

nr(a;) 

We call {X,t) a non-explosion solution of Eo. liS. 1\) if 

P{uj : t{uj) < +00} = 0. 
Remark 3.6. The stochastic integral in the above definition is defined on [0, r) by 

/ B{t,s,X{s))dW{s) = Mm / B{t, s, X{s))dW{s), t < r, 
Jo Jo 

where Tn := inf{t > : ||X(t)||x >n} / t. 

We now prove the following main result in this section. 

Theorem 3.7. Under (H1)'-(H4)', there exists a unique maximal solution (X, r) for 
'EjO A3. 1\) in the sense of Definition \3.5[ 
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Proof. For n E N, let Xn be a positive smooth function on M_|_ with Xn{s) = l,s ^ n and 
Xn(s) = 0, s ^ n + 1. Define 

A„(t,s,u;,x) := A(t,s,t^,x) ■ Xn(||x||x) 
Bn{t,s,u,x) := ■ Xn(||a;||x)- 

It is easy to see that for An and (H2) holds with ki,„+i, (H4) holds with A„+i, and 
(H3) holds with some K^^n G Thus, by Theorem 13.31 there exists a unique continuous 
(jF()-adapted process X„(t) such that for any p ^ 2 and T > 

e( sup WX^mi] ^CT,p,n 

\te[o,T] J 

and 

Xn{t)=g{t)+ [ An{t,s,Xn{s))ds+ [ B„,{t,s,Xn{s))dW{s). (3.16) 
Jo Jo 

We have the following claim: 

Let T be any stopping time. The uniqueness holds for 1^3. 16\) on [0,r). 

We remark that when r = T is non-random, it follows from Theorem 13. II Let Xi{t),i = 1, 2 
be two X-valued continuous (J?-i)-adapted processes, and satisfy on [0, r) 

Xi{t) = g{t)+ [ An{t,s,Xi{s))ds+ [ B4t,s,Xi{s))dW{s), t = 1,2. 
Jo Jo 

Set 

Z{t) :=Xi(t)-X2(t). 

Since K3,„ G J^, as the calculations in ( 13. 7p . by the BDG inequality f l2.17p and (H3) for 

An and -B„, we have 

ftAT \ p 

K3,„(t,s) ■ ||Z(s)||xds 



E||Z(t)-l|i<.|||^ - 



Mr \ f 



+E^ K,^nit,s)-\\Z{s)\\lds 
= e(^J^ K3At,s) ■ l{s<r} ■ ||^(s)||xds^ 

+E ^ K,At,s) ■ l{s<r} ■ \\Z{s)\\ids^ ' 

^ / i^sAt,s)-E\\Z{s)-l{s<r}\\lds. (3.17) 
Jo 



By Lemma [2.21 we get 

E\\Z{t) ■ l{t<r}\\l = foi' almost all t G [0,T], 
which implies by the arbitrariness of T and the continuities of Xj(t), i = 1, 2, 

-^i(-)I[0,t) = -^2(-)I[0,t)- 

The claim is proved. 

Now, for n G N, define the stopping times 

r„:=inf{t>0: ||X„(t)||x > n} 
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and 

a„:=inf{t>0: ||X„+i(t)||x > n}. 
By the above claim, we have 

which imphes 

Tn ^ O-n ^ Tn+1, a.C. 

Hence, we may define 

t{uj) := hm r„(u;) 

n— »oo 

and for all t < t{uj) 

X{t,uj) := Xn{t,uj), ift<Tn{uj). 
Clearly, (X, r) is a maximal solution of EQ. fl3.ip in the sense of Definition 13.51 

We next prove the uniqueness. Let {X,f) be another maximal solution of Eq. (13.11) in 
the sense of Definition 13. 5[ Define the stopping times 

f„:=inf{t>0: \\X{t)y>n} 

and 

rn-=rnAfn, f := T A T. 

It is clear that 

fn/^f a.s. a.s n —>■ oo 

and 

l[o,f„)(t)-X(t) = l[o,,„)W-^7W + l[o,f„)(t)- / A{t,s,X{s))ds 



+l[o,,„)(t)- t Bit,s,X{s))dW{s) 
Jo 

Mo,r„){t)-git) + llo,r„){t)- I An{t,S,X{s))ds 



+l[o,,,oW- / Bn{t,s,X{s))dW{s). 
Jo 

By the above claim again, we have 

-^(•)l[o,f„) = ^{■)\lo,T„)- 

So 

By the definition of maximal solution we must have f = r = f. □ 

We have the following simple criterion of non explosion. 

Theorem 3.8. Assume that (HI)', (H2) and (H4) hold, and ki in (H2) belongs to J^^i- 
Then there is no explosion for Eq. 113. 1]) . 

Proof. Let {X,t) be a maximal solution of EQ. fl3.ip . Define 

r„:=inf{t>0: \\X{t)\\x ^ n}. 

By the BDG inequality fl2.17p and Holder's inequality, and using the same method as 
estimating (13.1 7p . we have, for any T > 0, some /3 > 1 and p ^ 2(/5* = — 1)) 

E||X(t)-l|,^.„}||^ ^ E\\g{t)\\l + El^j^ \\A{t,s,X{s))hds 

22 



+E 



tAT„ 



B{t,s,X{s))dW{s) 



^ E\\g{t)\\l + EU K,{t,s)-{\\X{s)h + l)ds 



rtATn 

+E( I \\B{t,s,X{s) 



^ E\\g{t)\\l + E 



(llxGs)iif + i)d. 







+E 



t/\Tn 



X{s)\\Y + l)ds 



V 
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^ G 



E||^?(.)||^ + l+ rE||X(s)-l|,^.„}|||ds 

^0 



where the constant Ct,p is independent of n. 
By Gronwall's inequahty, we obtain 

sup E\\X{t)-l{t^r^y\\l^CT,p. 

te[o,T] 

Using this estimate, as in the proofs of Theorem 13.31 and Lemma 13.41 we can prove that 
for any T > and p ^ 2 



Hence, 



supE sup \\X{t)\\l] ^Ct,p. 

neN \te[0,TAr„] 



hm P{Tn ^ T} = hm P <J sup ||X(t)||x > n 

te[0,TAT„] 



^ hmEl sup \\X{t)\\l\ /nP 

We[0,TAT„] ) 

^ hm CT,p/nP = 0, 

which produces the non-explosion, i.e., P{t < oo} = 0. □ 
Remark 3.9. One cannot directly prove 

supE||X(t Ar„)||| < +00, Vt ^ 

to obtain the non- explosion, because it does not in general make sense to write 

"Mr,! 

B{t ATn,s,X{s))dW{s). 

3.4. Continuous dependence of solutions with respect to data. In this subsection, 
we study the continuous dependence of solutions for EQ. fl3.1l) with respect to the coeffi- 
cients. 

Let {{gm, Am, Bm), m G N} be a sequence of coefficients associated to EQ. fl3.ip . Assume 
that for each m G N, {gm, Am, Bm) satisfies (H1)'-(H4)' with the same hi,r, H2,r and \r 
as {g. A, B), and for each p ^ 2 

lim sup E\\gm{t) -g{t)\\l = (3.18) 
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(3.19) 



(3.20) 



and for each T, > 0, 

lim sup / \\Ajn{t,s,x) - A{t,s,x)\\xds ^ 0, 

lim sup / \\B^{t,s,x)-B{t,s,x)\\ln2^^)ds^0. 

"^^°°ie[0,T],||x||x^RJ0 

Let {Xm,Tm) (resp. {X,t)) be the unique maximal solution associated with {gm,Am,Bm) 
(resp. {g, A, B)). For each R> and m e N, define 

:= inf{t > : ||X(t)||x, ||X^(t)||x > i?}. 
Suppose that for each t > 



hm sup P{t^ <t} = 0. 

R-^oo 

Then we have: 

Theorem 3.10. For each t > and e > 

lim P{\\X^{t)-X{t)h^e}=0. 

m— »oo 

Proof. For i? > and m e N, set 

Z^(t) := (X^(t)-X(t))-^,^,ny 



(3.21) 



Then 
where 



tR 



R 



tR 



tR 



Jl,mit) - Mt^r^] ■ [9m{t) - g{t)], 



tArS 



tArl 



[Am{t,S,Xn{s))-Am{t,S,X{s))]ds, 

[Am{t,s,X{s))-A{t,X{s))]ds, 

[B^{t, S, Xm{s)) - Bm{t, S, X{s))]dW{s), 



Ji,m{t) := [Bm{t,s,X{s))-B{t,s,X{s))\dW{s). 

Jo 

Fix T > 0. Clearly, for any p ^ 2 and t e [0, T] 

E||Jiyt)|||^ sup E\\g^{t)-gmi=:J,,^. 
te[o,T] 

For J^^{t), by (H3)' and Holder's inequality we have, for p large enough {k,2,r £ -^i) 



nJSmimi ^ E / «:2,«(i,«)-iix„(«)-x(.)iixd. 



s)ds 



•E 



/V^(«)ll?d. 
./o 



^ C fE\\Z^{s)\\lds. 
Jo 
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For J^m{t), we have 

njSmi^Wx ^ E sup / \\A^{t,s,x)-Ait,s,x)\\xds 



^ I sup sup / \\A.^{t,s,x) - A{t,s,x)\\xds ] =: Ji^rn- 

^te[0,T] IjxIlx^iJ^O 

Similarly, by the BDG inequality ( 12. 171) we have, for p large enough 

mumi^c fE\\z^{s)\\ids 

Jo 

and 



E||^|^„^(^)|||^<^p sup sup / \\B^{t,s,x) - B{t,s,x)\\l,i2.xAs 

Vte[0,r] ||a:||x<fi^O 



Combining the above calculations, we get 



Jo 

By Gronwall's inequality and fl3.18l) - fl3.20l) we get, for any R> and p large enough 

hm E\\Z^(t)\\l = 0. 



m 
m— >oo 



Hence 

P{||X„(t)-X(t)||x^e} ^ P{||X„(t)-X(t)||x-l{*^.«}^e}+P{r^<t} 

^ nz^mi/e^+p{T^<t}. 

First letting m —>■ oo, then i? — * oo, we then get the desired limit by fl3.2ip . □ 

4. Large deviation for stochastic Volterra equations 

In this section, we study the large deviation of small perturbations for stochastic Volterra 
equations. In addition to (H2)', (H3)' and (H4)', we assume that g and A, B are non- 
random, and 

(HI)" For any T > and some 5 > 0, 

\\g{t)-g{£)U^C\t-t't [0,T] 
and for some a > 0, 



sup < 

i6[0,T] 

(H2)" For the same a as in (HI)" and any i? > 0, there exists a kernel function k^,/? G 
such that for all (t, s) G A and x G X with ||a;||x ^ R 



Remark 4.1. If the Hoi,r in (H2)" belongs to J^yi, then (H2)" implies (H2)' in view of 
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Consider the following small perturbation of stochastic Volterra equation (13.11) 

X,{t)=g{t)+ [ A{t,s,X,{s))ds + V^ [ B{t,s,X,{s))dW{s), (4.1) 
^0 Jo 

where e G (0,1). By Theorem 13.71 there exists a unique maximal solution {X^,t^) for 
EQ. fl4.1l) . Below, we fix T > and work in the finite time interval [0, T], and assume that 
for each e G (0, 1) 

> T, a.s.. 

By Yamada-Watanabe's theorem (cf. [SU [67]), there exists a measurable mapping 

<l>e : Ct(U) ^ Ct(X) 

such that 

X,{t,Uj) = MW{;Uj)){t). 

It should be noticed that although the equation considered in [M] is a little different from 
Eq. (13.11) . the proof is obviously adapted to our more general equation. 

We now fix a family of processes {h'^,e G (0, 1)} in Ajj (see (I2.23P for the definition of 
Ajf), and put 



X\t,uj) :=$,(h^(-,cu) + 



(t). 



Here, we have used a little confused notations X^ and X*^, but they are clearly different. 
By Girsanov's theorem (cf. [HU Section 7]), X^(t) solves the following stochastic Volterra 
equation (also called control equation): 



X'{t) = g{t)+ / A{t,s,X'{s))ds+ / B{t, s, X'{s))h'{s)ds 
Jo Jo 

/ B{t,s,X'{s))dW{s). (4.2) 
Jo 

Although h is defined only on [0, T], we can extend it to M.^ by setting h(t) = for t > T 
so that Eq. (14.21) can be considered on ]R_|_. We shall always use this extension below. Let 
be the explosion time of EQ. (l4.2p . For n G N, define 

<:=inf{t^O: ||X^(t)||x>T2}. (4.3) 

Then r^, and we have: 

Lemma 4.2. For any ao G (0,a), there is an a > such that for p sufficiently large 

\\x%t') - x%t)r 



sup E sup 



If - t^P 



N,n,T,p,Ka,n,ao ■ 



Proof. Note that 



|X^(t)-l{*^.^}l|x. ^ \mh^+ \\A{t,s,X^is))UAs 



+ 



tAr' 



\Bit,s,X^{sW{s)h^ds 



tAr^ 



B{t,s,X'{s))dW{s) 



Ji{t) + J2{t) + Ht) + JA{t). 
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By (H2)" and (USD we have 



and by Holder's inequality 

E\Js{t)\P ^ e( / \\B{t,s,X'is))h'is)\\^^dsj 

^ \\B{t,s,X%s))U,^i..,^^y\ms)\\pdsj 
\\B{t,s,X%s))\\l^,..^^^)dsj 

where we have used that h" G A%. 

Similarly, by the BDG inequality fl2.17p and (H2)" we have 

Combining the above calculations, we get 

sup sup E\\X'{t) -llt^r^yWl^ ^CN,n,T,p,K^,„, P > 2. (4.4) 
ee{0,l) iG[0,T] 

Moreover, as in the proofs of Theorem 13.31 and Lemma [37il by (HI)", (H2)' and (H4)', 

for some /?3 > 1 and p ^ 2{j3l := l32,/{(3^ - 1)), we have that for any ^ t < t' ^ T 

sup E||(X^(t') - X'{t)) ■ l{t',t^r^}\\l ^ CT,pJ\t - t'l'P + |t - t'l? + |t - t'l W). 

££(0,1) ^ ^ 

Thus, by (v) of Proposition 12. Ill and (14.41) . for any G (0, a) and p large enough we have 

sup El|(X^(t')-X^(t))-l|,,,^TA.^li|| 
^e(o,i) ° 



The desired estimate now follows by Theorem 12.101 □ 

In order to obtain the tightness of the laws of {X*^, e G (0, 1)} in Ct(X), we assume that 

(CI) is a compact operator on X. 

(C2) lim„^ooSup,g(o,i)P{w : t^{u) < T} = 0. 

Note that (C2) implies 

P{uj : t'{uj) >T} = 1. 
We now prove the following key lemma for the large deviation principle of EQ. (l4.ip . 

Lemma 4.3. Under (CI) and (C2), there exist subsequence ek I 0, a probability space 
{Q, JF, P) and a sequence {{h'', X'', W'')}km well as {h, X^, W) defined on this probability 
space and taking values in 3n x Ct(X) x Ct(U) such that 

(i) {h}' ,X^ ,W^) has the same law as (/i^*^, X^*^, W^) for each k G N; 

(ii) lh\X\W^) (/l,X^H^) m X Ct(X) x Ct(U), P-a.s. as k ^ oo; 
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(Hi) {h,X^) uniquely solves the following Volterra equation: 

X\t) = g{t)+ [ A{t,s,X^{s))ds+ [ B{t,s,X''{s))h{s)ds. 
Jo Jo 



(4.5) 



In particular, (LD)i in Subsection 2^ holds. 

Proof. Let ao G (0, a) and a > be as in Lemma I4.2[ For > 0, set 

\x{t) -a;(s)||x„, 



Kr := {x & Cr(X) : sup ||x 

te[o,T] 



sup 

s^te[o,T] 



\t - sh 



By (CI), X^o "-^ X is compact (cf. [371 P-29, Theorem 1.4.8]). Thus, by Ascoh-Arzela's 
theorem (cf. [39|), the set Kr is compact in Ct(X). For any 5 > 0, by (C2) we can choose 
n sufficiently large such that 



sup P\uj : ^(cu) < r| ^ (5. 



ee(o,i) 

By Lemma [4.21 and Chebyschev's inequality, for any R > n we have 

P{X^i-)^Kn} = P{X^i-)^KR,T^^T} + P{X^i-)^KR,T^<T} 

\\X%t)~X'{s 



< P < sup 

Sf^te[0,TAT^ 



\t - .si" 
\X%t) - X^{s)\\l 



sup 

s^te[0,TAT,\ 



\t - s\"-P 

Therefore, for R large enough we have 

sup P{X\-) i Kr] ^ 26. 

fe(o,i) 



°- ^ R-nj +P{t^ < T} 
/{R-nY + 5 



Thus, by the compactness of ©at (see (EJl])), the laws of {h^, X\ TV) in x Cr(X) x Ct(U) 
is tight. By Skorohod's embedding theorem (cf. |39]), the conclusions (i) and (ii) hold. 
We now prove (iii). Note that by (i) (cf. [Ml Section 8]) 

X^it) = g{t)+ [ A{t,s,X\s))ds+ [ B{t,s,X''{s))h''{s)ds 
Jo Jo 

+^ f B(t,s,X\s))dW\s) 
Jo 



g{t) + Jl{t) + j!l{t) + .Jl{t), P-a.s.. 



Set 



:= inf{t ^ : \\X\t)U>n}. 
Then for any 5 > 0, by (i) and (C2) there exists an n large enough such that 

supP{f^<T} = suppi sup \\X^{s)\\^>n 

km fcGN I se[0,T) 



supP< sup ||X^'=(s) 
km [se[o,r) 

sup P{<* <T} ^5. 

km 
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> n 



Hence, for any 5' > 0, by the BDG inequality (12.171) and (H2)' we have 

P{\\J3it)h^5'} ^ p{j^it)^S';f^^T]+p{f^<T] 

ek-CnE^ Ki,n(t, s)ds) 
^ + 6 

Thus, we get 

\\mP{\\J^{t)U^6']=0. 

Let Ji{t),i = 1,2 be the corresponding terms in EQ. fl4.5l) . In order to prove that 
solves EQ. fl4.5p . it is now enough to show that for any t G [0, T] and y G X* 

limx{J^{t)-Ji{t),y)^,=0, t = l,2, P-a.s.. 

fc— »oo 

Observe that 

W{J2{t)-Ht).yM ^ \\y\y - f \\m,s,x\s)) - B{t,s,x\s))p{s)\\^ds 



+ 







^{B{t,s,X\s))[h\s) - his)],y)^As 

By the weak convergence of h'^ to h in D^r, we have 

lim4(t)=0. 

fc— ►oo 

Noting that by (ii), for almost all u) G and some K{uj) G N 

n{uj) := sup ||X^(s,t:')||x V sup sup ||X'=(s,(^)||x < +oo, 
se[0,T] k^K(Cj) selo,T] 

we have, by Holder's inequality and (H3)' 

1/2 

4(t,cD) ^ \\h\Cu)\U.- { I ||i?(t,.,X'=(s,cD))-5(t,s,X^(s,cD))||' ,,,^,ds 



^ iV-(^£/€2,„(^)(t,s)-||X^(s,(I;)-X'^(s,cu)|||ds^ ^ 

^ U, as K oo, 

where we have used h'^i^u) G D^v- 
Similarly, we have 

lim Ji(t)||x = 0, P-a.s.. 

Combining the above estimates, we find that X^ solves Eq. (14.51) . □ 
Let /(/) be defined by 

/(/):= 1 inf \\h\\% /gCt(X), (4.6) 

2 {h&i^: f=X'^} T 

where X^ is defined by Eq. (I4.5I) . In order to identify /(/), we assume that 
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(C3) For any G N 

sup sup ||X''(t)||x < +00. 

Similar to the proof of Lemma [4.31 we can prove that: 

Lemma 4.4. Under (C3), (LD)2 in Subsection \2.4\ holds. 

Thus, by Theorem 12.151 we have proven: 

Theorem 4.5. Assume that (H1)"-(H2)", (H2)'-(H4)' and (C1)-(C3) hold. Then, 
{X^,e G (0, 1)} satisfies the large deviation principle in Cr(X) with the rate function I{f) 
given by ^.6\ ). 

Remark 4.6. The conditions (C2) and (C3) are satisfied if {HI)" , (H2) and (H4) hold, 
and Ki in (H2) belongs to In fact, we can prove as the proof of Theorem \3.8\ 

sup sup E sup ||X'(t)||x ^ C't.p.ki, 

neNee(0,l) \telO,TAT^] J 

which then implies (C2). The condition (C3) is more direct in this case. 

5. Semilinear stochastic evolutionary integral equations 

In this section, we consider the following semilinear stochastic evolutionary integral 
equation: 

X{t)=xo- [ a{t- s)£.X{s)ds+ [ $(s,X(s))ds+ [ "${3, X{s))dW{s), (5.1) 
Jo Jo Jo 

where a : R_|_ is a measurable function, and 

and 

^ : R+ X 1] X X ^ L2{f; X) e M x B{X)/B{L2{1^; X)). 
Here and below, Ai stands for the progressively measurable cr-algebra over M_|_ x Q. 
Consider first the following deterministic integral equation: 



x{t) = xq — a{t — s)£,x{s)ds. 
Jo 



(5.2) 



The solution of this equation is called the resolvent of (a, £), and denoted by &tXo = x(t). 
Note that in general 

We make the following assumptions: 

(51) The resolvent {&t : t ^ 0} is of analyticity type {uo, 60) in the sense of |63, Definition 
2.1], where cjq G M and 6*0 G (0, n/2]. 

(52) For any R > 0, there exist > and /3 G [0, 1) such that for all s > 0, uj E Q and 
x,y eX with \\y\\x ^ R 



and 



|$(s,u;,a;)||x+ ||^(s,oj,a;)||i^(;2.x) ^ (JT^^p^ 



C 

ms,uj,x) - (^{s,uj,y)\\x ^ (Ia1P"^~^' 



Cr II _ ||2 

(s A 1)/ 
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(S3) For all s > 0, uj E Q and a; G X, it holds that 

C 

\Ms,uj,x)\\x ^ -^^^^^^(1+ ||a;||x), 

C 

||^(s,a;,x)||i^(;2.x) ^ -^^^^(1 + ||x|||). 

The following property of analytic resolvent {6^ : t > 0} is crucial for the proof of 
Theorem 15.21 below (cf. [63l, Corollary 2.1]). 

Proposition 5.1. Let &t be an analytic resolvent of type {ujo,6q). Then for any T > 
and for any t G (0, T] 



sup i|6i||L(X;X) ^ Ct (5.3) 
ie[o,T] 



\\&t\\LiX;X)^CTt-\ (5.4) 

where the dot denotes the operator derivative and \\ ■ ||l(X;X) denotes the norm of bounded 
linear operators. 

By a solution of EQ. fl5.ip we mean that X{t) satisfies the following stochastic Volterra 
equation: 



x{t) = &txo+ / et-sHs,x{s))ds+ / et-s-^{s,x{s))dwis). (5.5) 

Jo Jo 

Let us define 

A(t, s,u!,x) := (5f_s$(s, a;, x), B(t, s,u!,x) := ©t-s'^iSyUyX). 

We have: 

Theorem 5.2. Under (SI) and (S2), there exists a unique maximal solution {X,t) for 
Eq. Ii5. 5\) in the sense of Definition \3. 5i Moreover, z/ (S3) holds, then r = +00, a.s.. 

Proof. First of all, it is easy to see by (15. 3p that (H2)' and (H3)' hold with 

C 

Kl,i?(t, S) = K,2,R{t, S) = f_ G Xyi. 

[s A 1)'^ 

For 0^s<t<t',uJEQ and x G X with ||a;||x ^ R, we have 

\\A{t',s,uj,x) - A{t,s,uj,x)\\x = \\{&t'-s-&t-s)Hs,uj,x)\\x 



Cr 
(sAl)/3' 



^ 7 > l|6f'-s — Gf-g||L(X;X) 



C rt' — s 

^ -, TTTT / ll6.J|r/x-x-idr 



log 



and 



(sAl)'3 ^\t-s 

t'-s 



C ( 



t - s 

Note that the following elementary inequality holds for any 7 G (0, 1) 

log(l + s) ^ Cs\ Vs > 0. 
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Therefore, for 0^s<t<t',ujEQ and x G X with ||a;||x ^ R 

\\A{t',s,uj,x) - A{t,s,uj,x)\\x+ \\B{t',s,uj,x) - s, ^, x)||i^(;2.x) 



{sAiy{t-s) 



--: Xii{t',t, s) 



{t - sY 

Thus, we find that (H4)' holds if 7 G (0, (1 - /?)/2). 

Lastly, if (S3) is satisfied, it is clear that (H2) holds with Ki(t, s) = jj^^ G and 
(H4) also holds from the above calculations. The non-explosion now follows from Theorem 
KE[ □ 

We now turn to the small perturbation of Eq. OS.SI) and assume that $ and are non- 
random. Consider 

x,{t) = &tXo+ [ &t-sHs,x,{s))ds + yre [ et^s'^{s,x,{s))dw{s). 

Jo Jo 

In order to use Theorem 14.51 to get the LDP for {X^, e G (0, 1)}, we also assume 

(S4) Let {&t : t ^ 0} be an analytic resolvent of type (cuq, 6*0). Assume that for some 
uji > ujq, Q < 61 < 6q, C > Q and ai > 

|a(A)| ^ C(|A-cji|°i + VAGCwith |arg(A-cj)| <ei, (5.6) 

where a denotes the Laplace transform of a. Moreover, we also assume that 

a{s)ds+ \a{r + s) - a{s)\ds CtM^ , (5.7) 



where r, t G [0, T] and T,6 > 0. 
We have 

Theorem 5.3. Under (S1)-(S4) and (CI), for any xq G ^(i2), {X^,e G (0,1)} satisfies 
the large deviation principle in Ct'(X) with the rate function /(/) given by ( [^.6p . 



Proof. From the proof of Theorem 15. 2[ it is enough to check (HI)" and (H2)". By (15. 6p 
and [63, p. 57, Theorem 2.2 (ii)], we have 

||i:et|U(x;x) ^ Ce"^*(i + 1-"^), vt > 0, 

which together with (v) of Proposition 12.111 yields that for any a G (0, 1) and T > 

||i:"©t||L(X;X) ^CT(l+r"^-"), VtG (0,T]. 

Thus, (H2)" holds by choosing a < where (3 is from (S3). 
For (HI)", since xo G ^(H) = Xi, by (JSJD we have 

||£6tXo|U= ||©t£xo||x ^ C||£xo||x. 
On the other hand, by the resolvent equation (15.21) and (15.71) we have, for any ^t < t' 

\\&t'Xo - &tXo\\x ^ / \a{t' - s) - a{t - s)\ ■ \\2.&sXo\\xds 

Jo 

+ J \ait' - s)\ ■ \\£,&sXo\\xds 
The proof is thus completed by Theorem 14.51 and Remark 14. 6[ □ 
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Example 5.4. Let a be a completely monotonic kernel function, i.e., 

a{t) = / e~"*dp(s), t > 0, (5. 



where s i-^ p(s) is nondecreasing, and such that f^dp{s)/s < oo. Then the resolvent 
{&t : t ^ 0} associated with a is of analyticity type (0,^) for some 6 G (0,7r/2) (cf. [63t 
p. 55, Example 2.2]), i.e., (SI) holds. For (S4), besides (15. 8 p and (15. 7p . we also assume 
that for some C,ai > 



C(l + A)-"^ ^ / e-^* ■ a{t)dt < +00, VA > 0, (5.9) 
Jo 

which implies by [HSl P-221, Lemma 8.1 (v)] that (15. 6p holds. In particular, 

^Q— 1 

ao(t) = — -, ae(0, 1] 
r(a) 

is completely monotonic, and satisfies (15.70 and (15. 9p . where F denotes the usual Gamma 
function. 

Moreover, for the kernel function a^, if 

20 

l<a<2- — <2, 
vr 

where (p comes from (I2.19p . then &t is analytic (cf. [63, p. 55, Example 2.1]). Notice that 
in [63], — £ is considered. In this case, (15. 6p and (15. 7p clearly hold since aa(A) = A~", 
ReA > 0. 

6. Semilinear stochastic partial differential equations 

When a = 1 in EQ. (l5.ip . one sees that Eq. (I5.1I) contains a class of semilinear SPDEs. 
However, it cannot deal with the equation like stochastic Navier-Stokes equation. In this 
section, we shall discuss strong solutions of a large class of semilinear SPDEs by using the 
properties of analytic semigroups. 

6.1. Mild solutions of SPDEs driven by Brownian motions. Consider the following 
semilinear stochastic partial differential equation: 

dX{t) = [-£X(t) + $(t, X{t))]dt + *(t, X{t))dW{t), X(0) = xq. (6.1) 

We study two cases, in application, which correspond to different types of SPDEs. First 
of all, we introduce the following assumptions on the coefficients: 
(Ml) For some a e (0, 1) 

and 

^ : R+ X X ^ L2{f; X|) G x i3(X«)/i3(L2(/^; X|)). 
(M2) For any R>0, there exist Cr>0 and /3 G [0, 1) with 

a + (3 <1 

such that for all s > 0, u; G ri and x, ?/ G Xq, with ||a;||xa, \\y\\xa ^ -^5 



and 



|$(s,o;,x)||x+ ||^(s,a;,a;)||i^(;2.x^) ^ (J^^ 



C 

ms,uj,x) - (^{s,uj,y)\\x ^ (JaIP"^^^' 
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c 

(M3) For all s > 0, u; e and x G X^, it holds that 

C 

||$(s,^,x)||x ^ -^-^^(1 + ||x||xj, 

By a mild solution of equation (16.1 1) we mean that X{t) solves the following stochastic 
Volterra integral equation: 



X{t) = %Xo+ [ 1t-sHs,X{s))ds+ [ 'It.,^{s,X{s))dW{s). 
Jo Jo 



(6.2) 



Theorem 6.1. Under (Ml) and (M2), for any xq G (a is from (Ml) ), there exists 
a unique maximal solution {X,t) for Eq. ( fg.^j) so that 

(i) t 1-^ X(t) G Xq, is continuous on [0, r) almost surely; 
(ii) \i-mt^r ||^(^)||x„ = +00 on {uj : t{uj) < +oo}; 
(Hi) it holds that, P-a.s, on [0,r) 

X{t) = %tXo+ [ 1t-.Ms,X{s))ds+ [ 1t^s'^{s,X{s))dW{s). 
Jo Jo 

Moreover, z/ (M3) holds, then t = +oo, a.s.. 

Proof. We first consider the following stochastic Volterra integral equation 

Y{t) = £,"'ItXo+ [ £"Xt_,$(s,£-"F(s))ds 
Jo 

+ I £"1i_,^(s,£-"F(s))dVr(s). (6.3) 
Jo 

Define 



9{t) 

A{t,s,uj,y) 
B{t,s,u,y) 



: £"Ti_,<l>(s,cu,£-"y), 
: n~s-^{s,u;,2.-''y). 

Let us verify (H1)'-(H4)'. Clearly, (HI)' holds since xq G X^.. 

By (iii) of Proposition 12.111 and (M2), for all t > s > 0, a; G and x,y e X with 

\\x\\x, \\y\\x ^ -R we have 

\\A{t, s, u, x) llx + \\B{t, s, u, x) ||i2(«2;x) 

^ (t-s)"(sAl)/3' ^^'^^ 



and 



||A(t,s,a;,x)-A(t,s,a;,i/)||x ^ ■^^^^||$(s, a;, i^'^x) - <l>(s, a;, i:-"i/)|b 

^ (t-.)^Ml). l'^""-^-"^l'-- 
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(t-s)°(sAl)/3 
as well as 

\\B{t,s,uj,x) - B{t,s,uj,y)\\l^^i2.^) 



Cr „ „ 

X - y\\x 



Hence, if we take 



C 



(t-s)°(s A 



then (H2)' and (H3)' hold. 

Let < 7 < 1 - (a + By (iv) of Proposition 12.111 and (M2) we have 

\\A{t\s,uo,x)-A{t,s,uo,x)U = \\{%'-t-l)n^s^{s,uo,Z~''x)U 

CR{t' - ty 



and 



^ (t - s)"+T(s A 



So, if we take 



CR{t'-ty 



XR{t',t,s) :-- 



(t-s)°+^(s A 1)^' 
then (H4)' holds. 

Hence, by Theorem 13.71 there is a unique maximal solution (Y, r) for Eo. (16.31) in the 
sense of Definition 13.51 Set 

X{t) = 2-"Y{t). 

It is easy to see that (X, r) a unique maximal solution for Eq. (16.21) . which satisfies (i), (ii) 
and (iii) in the theorem. 

Lastly, if (M3) is satisfied, then as estimating (16. 4p . for the above A and B, (H2) holds 
with some ki G J^i, and also (H4) holds. So, by Theorem 13.81 we have r = oo a.s.. □ 

Remark 6.2. The solution {X,t) in Theorem \6.1\ is clearly a local solution of Ei0. i\6.2\) 

in X. However, it may be not a maximal solution in X because it may happen that 

lim ||X(t, c<j) ||x < +OC on {u : t{lj) < +oo}. 
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Next, we study the large deviation estimate for EQ. fl6.1l) . and assume that $ and \1/ are 
non-random. Consider the following small perturbation of EQ.f l6.ip : 

dX,(t) = + <l>(t, X,{t))]dt + v/i^(t, X,{t))dW{t), X,(0) = xo. (6.5) 

In order to apply Theorem 14.51 to this situation, we need the non-explosion assumptions 
as (C2) and (C3). For a family of processes {/i^e G (0, 1)} in A% (see (12.231) for the 
definition of A%), consider 

X'{t) = 1tXo + [ %t.sHs,X%s))ds+ [ 1t.,<i/{s,X'{s))h'{s)ds 
Jo Jo 

/ %t-s^{s,X'{s))dW{s), 
Jo 

and for h e (see (E^D) 

X\t)=%xo+ [ 1t-sHs,X\s))ds+ [ 1t^s'^{s,X\s))h{s)ds. 
Jo Jo 

Below, for n G N we define 

<:=inf{t>0:||X^(t)||x. >n}. 
Our large deviation principle can be stated as follows: 

Theorem 6.3. Assume (Ml) and (M2). Let xq G X5 for some 1 ^ 6 > a, where a is 
from (Ml). We also assume that S>{2.) = Xi C X «s compact, and 

lim sup Piuo : r^(cu) < Tj = (6.6) 

"^O0ee(0,l) 

and for any N > 

sup sup ||X'*(t)||x„ < +00. (6.7) 

/leDjv te[o,T] 

Then, {X^, e G (0, 1)} satisfies the large deviation principle in Cxi^a) with the rate function 
I{f) given by 

^<^'^=^„.«^:%,«*«?x. (6.8) 

Proof By TheoremiH it only need to check (HI)" and (H2)" for Eq.(I631)- Since Xq G X^ 
with 6 > a, hj (iv) of Proposition 12.111 (HI)" holds with 6' = 6 — a and a' G {0,6 — a). 
As the calculations given in (16. 4p . one finds that (H2)" holds with a' G (0, 1 — a — /?). □ 

Remark 6.4. //(MS) is satisfied, one can see that 1(6. 0\) and (6.1) hold by Remark \4.6[ 

We now consider another group of assumptions on the coefficients: 
(Ml)' For some a G (0, 1) 

$ : M+ X 1] X X ^ X_« G X B{X)/B{X_a) 

and 

^ : M+ X X X ^ L2(/^; X_|) G x B{X) /B{L2{f\ ^-f ))• 
(M2)' For any > 0, there exist > and /? G (0, 1) with 

« + /?<! 

such that for all s > 0, G i7 and x, y G X with ||a;||x, ||y||x ^ -R, 

is A ly 



|$(s,^,x)||x_ + ||^(s,u;,a;)||i^(,2.x_„) ^ 
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and 



C 

\\'^{s,uj,x)-^{s,uj,y)\\%^i2.^_^-j ^ (JT^y"^"^"^' 

(M3)' For a\\ s > 0, u en and X e X, it holds that 

C 

\Ms,uj,x)\\x_^ ^ -^^^^(1 + 

C 



1' 



The following two results are parallel to Theorems 16.11 and I6.3[ we omit the details. 

Theorem 6.5. Under (Ml)' and (M2)', for any xq G X, there exists a unique maximal 
mild solution (X, r) for Eq. I{6. 2) in the sense of Definition \3.5[ Moreover, if (M3)' 
holds, then r = +oo, a.s.. 

Theorem 6.6. Assume that (Ml)', (M2)' and (C1)-(C3) hold. Let Xq E X5 for some 
6 > Then, {X^,e G (0,1)} satisfies the large deviation principle in Cr(X) with the rate 
function I{f) given by (^T^. 

Remark 6.7. Theorem \ 6.5\ is due to Brzezniak [TT]. Compared with Theorem \ 6.1[ the 
solution in Theorem \ 6.1\ has better regularity, and is in fact a strong solution under a 
slightly stronger assumption (M4) below. 

6.2. Strong solutions of SPDEs driven by Brownian motions. In this subsection, 
following the method used in the deterministic case (cf. [37| [58]). we prove the existence 
of strong solutions for EQ. fl6.ip . For this aim, in addition to (Ml) and (M2) with /9 = 0, 
we also assume 

(M4) For any i?, T > 0, there exist 5 > and a' > 1 such that for all s, s' G [0, T], G i7 
and X G X^ with ||2;||xc, ^ R 

||$(s',a;,x)-$(s,a;,x)||x ^ Ct,r\s' - s\\ (6.9) 
||*(s,^,x)||i^(P^x^,) ^ Ct,r. (6.10) 

Let us first recall the following result (cf. [37t Theorem 3.2.2] or [581 P-114, Theorem 3.5]). 
Lemma 6.8. Let [0,T] 3 s ^ f{s) G X 5e a Holder continuous function. Then 

Ti_J(s)dsGC([0,T];Xi). 

Using this lemma, we can prove the existence of strong solutions for Eq. (16.11) . 

Theorem 6.9. Assume that (Ml), (M2) and (M4) hold. For any xq G Xi, let (X, r) be 

the unique maximal solution of EQ.( |g.^j) in Theorem \6.1[ Then 

(i) t f— > X(t) G Xi is continuous on [0, r) a.s.; 
(a) it holds that in X 



X{t) = XQ- [ SlX{s)ds+ [ ^s,X{s))ds+ [ ^{s,X{ 
Jo Jo Jo 



s))dW{s) 



for all t G [0,r), P-a.s.. 
We shall call (X, r) the unique maximal strong solution of EQ.( fg. ij) . 
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Proof. For n G N, set 

r„:=inf{t>0: ||X(t)||x. >n} 

and 

Then by (iii) and (iv) of Proposition 12. Ill we have 
and in view of a' > 1 

Hence, by Lemma [3.41 and fl6.10p . 

[ 1t.s'^{s,X{s))dW{s) eXi 
Jo 

admits a continuous modification on [0,r„). 

Moreover, starting from fl6.3p . as in the proof of Theorem I3.3| there exists an a > such 
that for p sufficiently large 

^ sup — ^ Cn,T,p- 

Thus, by (M2) and (M4) we know that 

s ^— s> $(s,X(s)) G X is Holder continuous on [0,T A r„] P-a.s.. 
Therefore, by Lemma [6.81 we have 

[ Tt_,<l'(s,X(s))ds G C([0,r Ar„],Xi), P-a.s.. 
Jo 

Noting that Xq G Xi and 

^0 

+l{t^r,.y f %-s^is,Xis))dWis), Vt^O, p-a.s, 
Jo 

by Tn y T, we therefore have that 1 1— » X{t) G Xi is continuous on [0, r) P-a.s.. 
Lastly, by stochastic Fubini's theorem (cf. |5ll Section 6]) we have 

j £X(s)ds = / i:T,Xods+ / / Z%s~Mr,X{r))drds 
Jo Jo Jo Jo 

2fZs^r^{r,X{r))dW{r)ds 
1tXo + / £T,_^<l>(r,X(r))dsdr 



t PS 




JO 



Xo - 

"t ft 

+ 



2,%s-r^{r,X{r))dsdW{r) 

Xo-%Xo+ [ \<^{r,X{r))-%t-Mr,X{r)) 
Jo '- 



+ 



^(r,X(r)) -Tt_,^(r,X(r)) dW{r-) 
^ 

= xo-X(t)+ f $(s,X(s))ds+ / ^{s,X{s))<lW{s) 
Jo Jo 

on {t ^ r„}. The proof is completed by letting n oo. □ 

6.3. SPDEs driven by fractional Brownian motions. In this subsection, we study the 
existence-uniqueness and large deviation for SPDEs driven by additive fractional Brownian 
motions. Let for H G (0, 1) 

Knit, s) := (^CH{t - s)^-^ + s^-^F(t/s)) s, t G [0, 1], 

r(H+i/2)r{2-2H) J ' ^ denotes the usual Gamma function, and 

F{u) := Ch{- - H) Hr - - r^-i)dr. 

2 Ji 

The sequence of independent fractional Brownian motions with Hurst parameter if G (0, 1) 
may be defined by (cf. [21] ) 

ft 



W!^{t):= [ KHit,s)dW\s), A; = 1,2, 
Jo 



which has the covariance function 

Rnit, s) = E(iy^(t)iy^(s)) = + -\t- sp^). 

Consider the following stochastic partial differential equation driven by {W^^, G N} 

dX{t) = [-ilX{t) + ^{t,X{t))]dt + <i/{t)dWH{t), X(0)=xoGX, (6.11) 

where "^{t) is a deterministic function and will be specified in Theorem I6.10[ 
As above, we consider the mild solution: 

X{t)=%xo+ [ Tt_,$(s,X(s))ds+ / %^,^{s)dWH{s). (6.12) 
Jo Jo 

Here the stochastic integral is defined by the integration by parts formula as 

/ %.s'^{s)dWH{s) := ^{t)WH{t)+ [ WH{s)[S^%-s'^{s)-%-s^{s)]ds 
Jo Jo 

= f B{t,s)dW{s), 
Jo 

where ^ 

B{t,s) ■.= ^{t)KH{t,s)+ I ir^(M,s)[£Ti_,^(n)-Ti_,^(s)]du. 

J s 

We also define 

A{t,s,x) := Tt_,$(s,x). 

Then we have: 

Theorem 6.10. Assume that $ satisfies (Ml)' and (M2)' and ^ satisfies for some 7 > 

||vl/(t')-^(t)||L,a2;x) ^C|t'-tr, [0,1] (6.13) 

and for some 5 G (0, 1) 

sup (||^(t)|U,(i2.x,) + ||^(t)||L.(P;X,_o) < ^ e [0' !]• (6-14) 
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Then for any Xq G X, there exists a unique maximal solution for Eo. liS.l^) in the sense 
of Definition \3.5[ In particular, if ^ also satisfies (M3)', then there is no explosion for 

Eo. [km). 



Proof. As the proof of Theorem 16.11 one can check that A satisfies (H2)'-(H4)'. In order 
to finish the proof by Theorem 13 .71 we need to verify that B also satisfies (H2) and (H4). 
We first check that for some 7' > 



/ \\B{t',s)~Bit,s)\\l^i,.^^^ds^\t-t'p', 0^t<t'^l. 
Jo 



Noting that 



Knit, s) ^ C\t - s|^-5 + Cs-l^-5l 



(6.15) 



(6.16) 



and 



/ [KH{t,s)-KH{t',s)]'ds ^ RH{t,t)-2RH{t,t') + RH{t',t') 
Jo 

by fl6.13p we have 



\\<i'{t')KH{t', s) - ^it)KH{t, S) \\l(^i.,^)ds ^ \t' - t\ 



Observe that 



Jo Js Js 

^[ [ KH{u,s)-\\S^1e^^^{u)\\L^^i2.^)du 

Jo Jt 

+ [ [ Kh{u, s) ■ \\2.{1t'-u - %-u)'^{u)\\L,il2,x)du 
Jo Js 

=: Ji + J2. 

By (16.161) . (iii) (iv) of Proposition 12.111 and (16.141) . we have 



ds 



Jl ^ 




[u - S)^^2 + s 



{f - uf-^du 



(t' - uf-^du 



ds 



ds 



and 



J2 < 




{t' - t)2 • (t - u)2~Mm 



ds 



^ (u - s)^"^(t - m)^"Mm 



ds 
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ds 



J2I + J22- 



It is clear that 



J22 ^ {f - tY [ s-2i^^5i(t - sYds ^ it' - tf. 

Jo 

For J21, let us make the following elementary estimation: 



ds 



ds 



^du 



ds 



Hence 

Similarly, we have 



'S 

' (M-S)^"^(t-M)5-MM 
+ / / (m - _ u)5-Mu 

: + s 
2 

^ fit-sf^'+'-^ds^C. 
Jo 

Ji + j2^ c{t' - ty. 

Kh{u, s)%t'-u'i^{u)du - Kniu, s)%t-u^{u)du 
^ C{t' - tf. 



ds 



ds 



Summing up the above calculations, we get fl6.15p . Thus, B satisfies (H4)'. 
Moreover, from the above calculations, one can see that 

\\B{t, s) ^Ci\t- sr~' + + It - sr^^~') =: nit, s). 

So, B satisfies (H2)' with k G J^^i- 

Lastly, if $ also satisfies (M3)', then the non-explosion follows from Theorem 13.81 □ 

Consider the following small perturbation of EQ. fl6.12l) : 

X,{t) = %tXo+ [ 1t.sHs,X,{s))ds + V~e [ %t^,^{s)dWH{s). 
Jo Jo 

A direct application of Theorem 14.51 yields that 

Theorem 6.11. Keep the same assumptions as Theorem \6. 101, where $ satisfies (Ml)'- 
(M3)'. Then for any Xq G Xq, (a > 0), {X^,e G (0,1)} satisfies the large deviation 
principle in Ci(X) with the rate function I{f) given by 

1 



/(/) := 



inf 
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el 



, /gCi(X) 



where solves the following integral equation 

X'^it) = %tXo+ [ %t^Ms,X\s))ds+ [ B{t,s)h{s)ds. 
Jo Jo 

Remark 6.12. Let e L2(/^ X5) for some S G (0, 1). Then ^(t) := Tt^o satisfies 

and Ili6.14\ l Proposition \2.11[ Moreover, under stronger assumptions on \E'(t), we can 

also prove the existence of strong solutions for Eo./ fg. i^) as Theorem \6.9\ . 

7. Application to SPDEs in bounded domains of 

Let O be an open bounded domain of M'^ with smooth boundary. For m G N, by C™'((9) 
(resp. C^{0)) we denote the set of all m-times continuously differentiable functions in O 
(resp. with compact support in O). For u G C"^{0) and p ^ 1 we define 

i/p 



\u\ 



m,p •" 



0=0 



\D^u(xWdx 



o 



where is the usual derivative operator. The Sobolev spaces W"^'^{0) and W^'^{0) are 
defined respectively as the completions of C^iO) and C™(0) with respect to the norm 



I m,P" 



Let £^ (x, D) be a strongly elliptic differential operator in O of the form (cf. p7l [55]): 



2m 



fc=0 «iH — oid=^ 



where aai-.-a^^ix) G C°°{0), and is the ctj-order derivative with respect to the j-th 
variable. We consider the following stochastic partial differential equation: 



du{t, x) = £/{x, D)u{t) + i^{t, X, u,Du,-- - , D'^'^'^u) 
+ X, u,Du,-- - , D"'-\)dW{t), 

d^u(t,x) 

' =0, J = 0,1,--- ,m-l, XG50, 
^ m(0,x) =no(x), 



dt 



(7.1) 



where ^ denotes the j-th outward normal derivative, if and il) are two measurable func- 
tions with the entries: 

(^:M+xCxMxM'^x---x M(2m-i)d ^ 
7/;:M+xOxMxM'^x---x m('"-i)'^ ^ /2. 
Define for p > 1 and A > 

£pU := Au — =2/ (x, D)u 

with 

M G 9{S.p) := iy2m,P(0) n iyo"'''(C')- 
It is well known that for u G ^(-Cp) (cf. |58l p. 212, Theorem 3.1] or [76] ) 

llwlbm.p ^ ||£pm||lp + (7.2) 

and (£p, ^(£p)) is a sectorial operator on Xg = Lp{0) with G p(iip) for A large enough 
(cf. [58, p. 213, Theorem 3.5]). Below we shall write for p > 1 and a ^ 

We first recall the following well known result (cf. [581 P-243]). 
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Lemma 7.1. For any p > 1, j < 2m and any O^a'K^^Ka^lwe have 



(7.3) 



Moreover, 
and 



XP ^ fork-!^< 2ma - ^, q ^ p 



where C^{0) is the usual Holder space (cf. [Tl [58] ). 
In this section, we fix 



(7.4) 



p > d and 



2m - 1 + 



2m 



< ao < a < 1 



so that 



m(l — aY < {a — ao). 



(7.5) 



(7.6) 



Suppose that 

(Fl) For any T, > 0, there exist 5 > and Cr^t > such that for all s,t e [0,T], x E O 
and U,V e M'»(2'n-i)rf+i with \U\,\V\ ^ r' 

\if{t, X, U) - ^{s, x,V)\^ CR,T{\t - s\' + |f/ - V\). 

Moreover, sup^.^^ 1^9(0, a;, 0)| < +oo. 
(F2) For each t G M+, V(^,*) e C™+H^ x M™('^+iW2+'^+i; /2). Here and below, the 

asterisk stands for the rest variables. 
(F3) For each u G X 



V'(t,-,M,DM,--- ,D"'-'u) e XI. 

2 



(F4) For any T > 0, there exist constant Ct > and Aq G U'{0) such that for all 
t e [0,T], X G C and f/ e R'^(2™-i)rf+i 



|<^(t,x,f/)| ^CT(Ao(x) + |f/|), 



(7.7) 



and 



»Tl— 1 



?/'(t, X, u,Du,-- - , D'^-^u) = gj{t) ■ D^u + Vo(i, a;), 

j=0 

for some 5 > and each r G M, supp('?/^(t, ■, r)) C O^, 



V^(t,*) G C'(0 X M'='+i;/2), \\dri){t,x,r)\\i2 ^ G 



m ^ 2, 



m = 1, 



(7.8) 



^ ||D,^(t,x,r)||,2^K'' + ||^(t,a;,r)||p ^ C(/o(t,x) + |r|) 
where Os d 0^ d O is an open subset, and for each j = 0, ■ ■ ■ , m — 1, 

t ^ Qjit) G X M^'^, 

t^^V^o(t,-)e/2xX^, 
t^/o(t,-)eLP(0) 

are bounded measurable functions. 
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We remark that (F3) is related to the boundary conditions, e.g., \1/ =constant does not 
satisfy (F3). It is easy to see that (17.81) imphes (F3). 
Set 

:= if{t,x,u,Du,--- ,D^"'-\) + Xu, (7.9) 
^{t,u){x) := ^{t,x,u,Du,--- ,0""-^). (7.10) 

Then the system (17. ip can be written as the following abstract form: 

du{t) = [-£.pU + ^{t,u{t))]dt + <il{t,u{t))dW{t), u{0) = uq. (7.11) 

Using Theorem 16.91 we have the following result. 



Theorem 7.2. Let p > d and a, ao satisfy {775) and (776). Assume that (F1)-(F3) hold. 
For any uq G X^, there exists a unique maximal strong solution {u,t) for Eq. ( [7. ii[ ) so 
that 

(i) t I— > u{t) G is continuous on [0,r) almost surely; 
(a) limt-\T ||''^(^)||xg = +00 on {u : t{u) < +00}; 
(Hi) it holds that in U'{0) 

u{t) = Uq- f 2.pu{s)ds+ f $(s,u(s))ds+ j ^(s,M(s))dVr(s) 
Jo Jo Jo 

= uo+ [ J2/{x,D)u{s)ds + ! (p{s,x,u{s),Du{s),- ■ ■ ,D'^"'~'^u{s))ds 
Jo Jo 

+ f ilj{s,x,u{s),Du{s),--- ,D'^-\{s))dW{s) 
Jo 

for all t < T, P-a.s.. 
Moreover, if (F4) holds, then 

T = +00, a.s.. 

Proof. We only need to verify that (M1)-(M4) hold for $ and \E' defined by (17. 9p and 
(frTOll . In virtue of (ESI), by (El we have 

\\D'u\\cio)^Mx^,, J=0,1,--- ,2m-l. (7.12) 

It is easy to see by (Fl) that $ given by (17.91) is locally Lipschitz continuous and locally 
bounded with respect to u on X^, and is (5-order Holder continuous with respect to t. 
Note that by the chain rule, for j = 1, ■ ■ ■ , m + 1 

D^^{t,u) = {dDrn-i^ip){t,x,u,Dur-- ^D'^-^u) ■ D'^-^+^u 

+^j{t, X, u,Dur- - , D'^-'^+'^u), (7.13) 

where ipj is an Z^-valued continuously differentiable function of all its variables with the 
exception of the t-variable. For any u,v E X^^ with ll'f IIxSq ^ ^y (F2) and (F3) 

we have 

\\ilH^{t,u) - vl/(t,t;))||i^(p^^.) ^ \\^^{^{t,u) - ^{t,vml,^a) 

^ 5^5^ p^(^fc(t,«) - ^.(t,t;))||L(o;P) 

k=l j=0 



00 m 



^ ^J]p^'(^fe(t,«)-^,(t,t;))||^(c5) 

k=l j=0 
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J7.13l7.12t _ '^'„_,, 

\c{o) 

3=0 



~< CrWu — vW'Ip ^Cr\\u~v\ 



Thus, (M2) holds. 

We next look at (M4). As above, by (I7J3D and (17J2D we have 

^^^(l + llD^^-nlU.) ^ Cn{l + \\u\Up) (7.14) 

for all M G with ||M||xg„ ^ -R- By (17.61) . we may choose 

1 / „ m + 1 

1 < a < a < 

m 

such that 

1 — «" — q; 

Thus, for all m G with ||m||xS(, ^ -R; "we have 

^ $^P^^(t,n)||i,(^^P) 

3=0 
m oo 

j=0 k=l 

+ ||D-+^Vl/(t,«)||2^(^^^,j 

^ C^(1 + IIWIIL). 



Using Lemma [2.131 with the data oq, 6 and 6'' as above and 



a a" 



«i = 1, a2 = -, as = Y' 
we obtain that for all u G X^ with HmH^p ^ R 

Thus, (M4) holds. 

We now verify (M3) under (F4). First of all, by the linear growth of ip{t,x,*) with 
respect to *, we have 



l2„, n2m-l„ 

2m- 1 

^ i+^I|d%|Up 

3=0 

:< 1 + ||lt||2m-l,p 
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For we only consider the case of m = 1, and have 



^ ll^(^,w)llip(0;P) + ||^^(t,M)|lip(0;i2). 



Noting that 
by (17.81) we have 

So 



|2 

Thus, (M3) holds. □ 



Consider the small perturbation of equation (17.111) : 

du,{t) = [-£pu,{s) + <l>(t, u,{t))]dt + v^^(t, u,{t))dW{t), M,(0) = Mo. (7.15) 



Using Theorem 16. 3[ we have 

Theorem 7.3. Let p > d and a, ao satisfy ( [y.5[ ) and ( [7. g| ). Assume that (Fl) anc? (F4) 
/io/d. Let uq G r/ien {ue,e G (0,1)} satisfies the large deviation principle in Ct(Xp) 
with the rate function I{f) given by h6. <§]) . 

8. Application to SPDEs on complete Riemannian manifolds 

Let (M, 0) be a d-dimensional complete Riemannian manifold without boundary. The 
Riemannian volume is denoted by d^x. Let V denote the gradient or covariant deriva- 
tive associated with g, A the Laplace Beltrami operator, T(M) the tangent bundle. Let 
L^{M, dgx) be the usual real L^-space on M with respect to dgX. It is well known that the 
symmetric heat semigroup {%)t^o associated with A is strongly continuous and contracted 
on LP{M,dgx) for 1 ^ p < +00, which is also contracted on L°°{M,dgx) (cf. Strichartz 
[731 Theorem 3.5]). Therefore, for each 1 < p < +00, {%)t^o forms an analytic semigroup 
on LP{M,dgx) (cf. Stein [721 p. 67 Theorem 1]). The Bessel spaces over M are defined by 

W^:={I-A)-^/'{L%M,d,x)). 
In this section, we make the following geometric assumptions: 

(G)„: The Ricci curvature Riccig and curvature Rq tensors together with their covariant 
derivatives up to n-th order are bounded. 

{G)inj- The injectivity radius of (M, g) is strictly positive. 

It was proved by Yoshida [79] that under (G)„, an equivalent norm of H^^ is given by 
the covariant derivatives up to ?7,-th order, i.e., there are two positive constants Ci and C2 
such that for any u G C^{M) 

n n 

Ci J2 II v'^IU^ ^ ll(^ - ^T^Ml^ II v'niUp, (8.1) 

k=0 k=0 

where V*^ denotes the k-th covariant derivative. As an example, the components of Vu 
in local coordinates are given by (Vm)^ = diU, while the components of V^m in local 
coordinates are given by 

(V\),, = d,,u - T^jdkU, 

46 



where F^^ are Christoffel symbols. By definition one has that 

where gij = Q{di,dj) and denotes the inverse matrix of (gij). 

We remark that when n = 1, (18.11) was first proved by Bakry [1] under the assumption 
that Ricci curvature is bounded from below. 

The following embedding result was proved in [H3] . We refer to [21 [351 EE] for a detailed 
study of integer order Sobolev spaces over M. 

Theorem 8.1. Under (G)„4.i and (G)j„j, for a G (0, 1) and p > d/a we have 

where C^{M) denotes the Banach space of all n-times continuously differentiable functions 
on M with 



u\\ci' := sup ^ |V''n(a;)| < +oo. 



Consider the following SPDE: 

du{t,x) = [Au{t,x) + (p{t,x,u{t),Q(Y{x),Vu{t)))]dt 

+ ip{t,x,u{t,x))dW{t), (8.2) 
^(0, x) =uo{x), 
where Y : M T{M) is a measurable vector field with 

sup q{Y{x), Y{x)) < +00 (8.3) 

and 

¥P:R+x^]xMxR2^R G Mx B{M) x B{M?)/B{M), 
V'iM+xr^xMxM^/^ G MxB{M)xB{M)/B{P). 
In this section, we fix 



,33d , . 

p> d and W < a < 1. (8.4) 

^ 2 ]j A 2p ^ ' 

Assume that 

(Rl) For each T,R > 0, there exist constants Cr^t, S > and A^'^, A^'^ G Lp{M, dgx) 
such that for all s,t G [0, T], G f2, x G M and |fi|, \u2\, |f2| ^ R 

\Lp{t,UJ,X,Ui,U2) - ip{t,UJ,X,Vi,V2)\ 

^ Cij,T(A^;^(^) ■ 1^ - ■^l'' + 1^1 ~ + 1^2 - V2\) 

and 

\ip{t,u,x,ui,U2)\ ^ Ag;^(x). 
(R2) For each (t, cj) G R+ x n, ^{t, to, ■) E C^iM x M; f). For each T, i? > 0, there exist 
constant Cr^t > and A^ j. G LP{M, d^x) such that for all t G [0, T], G x G M 
and |m| ^ R 

\\VAij{t,uj, ■,u)\\i2 + \\di%l){t,uj, ■,u)\\i2 ^ Cr^t, j = 1,2 

and 

||V^(t,a.,-,M)||p + ||viv^(t,^,-,M)||i2 ^ J = 1,2. 
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Theorem 8.2. Let p > d and a satisfy ^8.4\ )- Under {G)2-{G)inj and (R1)-(R2), for 

each Uo € IHI2, there exists a unique maximal strong solution {u,t) for Eo. ( (g.^j) so that 

(i) t ^ u{t) G IHI2 is continuous on [0, r) almost surely; 
(a) limt|^ = +00 on {uj : t{uj) < +00}; 

(Hi) it holds that, P-a.s., on [0,r) 

u{t) = uo+ [ [Au{s) + if{s,-,u{s),Q{Y{-),Vu{s)))]ds 
Jo 

+ / tp{s,-,u{s))dW{s) inLP{M,dgx). 
Jo 

Proof. Choose such that 

Id 9 , , 

-H <ao<3a-a-l<a<l. (8.5) 

Let u,v E Eir with llMlliniP , ||t'||ep ^ R- By Theorem 18.11 we have 

ll^llci + ll^llci ^ Cr. (8.6) 

Set 

<^{t,uj,u) := yD{t,uj,-,u,g(Y{-),Vu)), 
\l/(t, cUjM) := ip{t,uj,-,u). 

By (Rl) and (EI]) (ESD (ESD, we have 

\\^{t,UJ,u)-^{s,UJ,v)\\L, ^ \t-sf +\\u-v\\lp + \\V{u-v)\\lp 

^ \t - + \\u - v\\mp 

and 

\mt,UJ,u)\\Lv ^Cr. 

Note that 

Va;^(t,u;,u) = {Vxi^){t,u, ■,u) + {duij){t,u,x,u)VxU (8.7) 

and 

V^*(t,CU,M) = (V^V^)(t,U;,-,M) + 2(VA^)(t,CJ,-,M)® 

+ {duip){t, 00, X, u)VxU ® VxU + {duip){t,uj, X, u)'Vlu. (8.8) 

By (R2) and (EBD we have 

\\^{t,UJ,u)-^{t,UJ,v)\\LP ^ \\u-v\\lp 

and by (EH) and (EID 

||V(^(t,^,M)-^(t,^,t;))|Up ^ ||n-t;||e^. 

Hence, 

||^f(t,u;,M)-^^(t,u;,t;)||es ^ \\'^{t,uj,u) - ^it,uj,v)Up ^ \\u - vU^^^^. 
Moreover, by (R2) and dUI]) ([821) dUD, 

and 

||*(t,u;,M)||e? ^ Cr^t{1 + \\u\U). 



Using Lemma 12.131 with the data as above and 

a a — ao „ |8-5| , 1 — a 

0/3 = 01 = 1, a2 = -, =:0 > > , 

2 1 — tto 2 — a 

we find that for all u G with ^ R 

Q MM -f^Q ^ 

||^(t,^,M)||i2(z2;Hf,) = \\'^{t,UJ,u)\\L^^i2.j^P ) ^ Cr, 

^ a' ' ^ Zt/' {cy.'^ —CL'2)^2cL'2 

where ot = 26'{a3 — 0:2) + 2a2 > 1. Thus, (M2) and (M4) hold, and the theorem follows 
from Theorem 16.91 □ 

For the non-explosion, we assume that 

(R3) For each T > 0, there exist Ai G Lp{M, dgx), z = 0, 1, 2 and A; G N such that for all 
(t, uj) G [0, T] X fi, M, 1; G M such that 

u ■ ip(t,u,x,u,v) ^ CtIm] ■ + |t>| + Ao(a;)), (8.9) 

\!f{t,uj,x,u,v)\ < CtHuI'' + \v\ + Xi{x)) (8.10) 

and 

||a,V'(t,c^,-,w)l|/^ ^ C-T, (8.11) 

||^(t,CU,-,M)||,2 + ||V.V'(t,CU,-,M)||,2 ^ Ct(|m| +A2(x)). (8.12) 

The following theorem will follow from the proof of Lemma 18.41 below. 

Theorem 8.3. Keep the same assumptions as in Theorem \8.2\f and also assume (R3). Let 
{u,t) be the unique maximal strong solution of Eo. ( fg.^j) in Theorem \8.^ Then r = +00 
a.s.. 

Let if and ip be independent of u. Consider now the small perturbation of Eq. (18.21) : 

du,{t, x) = [Au,{t, x) + ip{t, X, u,{t),QiY{x), VM,(t)))] dt 
+ y/eij{t,x,u,{t,x))dW{t), 

Ue{0,x) =Uq{x) G H2, 

as well as the control equation 

du'{t, x) = [Au'{t, x) + (p{t, X, u'{t),Q{Y{x), Vu'{t)))] dt 

+ 4j{t, X, u'{t, x))h'{s)ds + ^r^^{t, X, u\t, x))dW{t), (8.13) 

m'(0,x) =mo(x) g ef, 

where /i^ G (see fl2.23p for the definition of ^^), and T > is fixed below. 
Let {u'^,t'^) be the unique maximal strong solution of EQ.f l8.13l) . Define 

<:= ■mi{t:\\u^{t)\U.^>n}. 

Then we have: 

Lemma 8.4. Assume (R3). Then 

lim sup P{u : t^{u) < T} = 0. 

Proof. For the simplicity of notations, we drop the superscript e in m*^ in the following. 
First of all, note that (cf. [2]) 

Mo G C ng>iL'^(M, dgx). 
For g, r ^ 2, by the usual Ito formula (cf. [12, Theorem A.2]), we have 

Mt)\\Z = hoWZ + Mt) + J2{t) + Mt) + Mt) + Mt) + Mt) 
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on [0, r^], where 

Ji(t) := rq [\\uis)\\t'^''{\uis)rMs),Auis))^,ds, 
Jo 

Ut) := rq / V(^) lliV'^^(k(^) ^(^, «(^), 0(n-), V«(.))))^.ds 
Jo 

Ut) := rgj^ r||^.)||(V')'^(|n(.)rV.),^,(.,-,n(.)))^.diy^ 

Ut) := ^^^^^5^ ^||Ms)||ir^)^(K.)r^lv.,(.,■,n(s^ 

k 

J5(t) := g'K^ - 1) ^ r ||^(,) ||(V^)'^(|^(,) |.-^^(,), ■, u{s)))lAs, 
^ k 

Ut) ■■= rql\\u{s)t:^^\\u{s)rMs)Ms.-.n{s))h\s))^As. 
Jo 

For J\{t) we have 

^iW = -rg(g-l) t \\u{s)\\t''^' [ \u{s)r'\Vu{s)\'d,xds. 



M 



For J2(^), by fl8.9p (18.31) and Young's inequahty we have 

Ut) ^ rq f \\u{s)t;'^' I \u{s)rWu{s)\ + \Q{Y,Vu{s))\ + \,)d,xds 

Jo J M 



2 

Similarly, by (18.121) we have 



^ r(K.)ii^ui)d.. 







Ut) + Ut)^c i\Hs)\\Z + l)ds, 
Jo 

and by Young's inequality 

Mt) ^ [\Hs)\\t'^\Ms)\\% + 1) . ms)y^ 



r-t \ 1/2 

^ n( I \Hs)\\t-'^\\Hs)\\l, + i)As 



»t \ 1/2 

\u{s)\\Z + l)ds 



Combining the above calculations, we obtain 



^ iVsup ||Ms)||2f -f / 
se[o,t] \Jo 

^ \ sup \Hs)\\Z + C^- [\\\u{s)\\Z + l)ds. (8.14) 



sup \\u{s A T^)\\Z^2\\uo\\Z+ 2 snp UsAt^) + Cn / (||«(s)||l'i + l)ds 
s6[0,i] se[o,t] Jo 

Set 



/i(t):=E| sup Ms A t:,)\\Z ] . 
^se[o,t] 
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By BDG's inequality and as fl8.14p we have 

E^sup |J3(.A<)|) ^ r'"||n(.)||ir^)^(||n(s)||i, + l)M.y 
\se[o,t] J \Jo J 

Therefore, 

hit) ^ 4||«oC + C^E / (Ks)||2i + l)d. 

^ 4||7/o||l'i + Civ / (/i(s) + l)d5, 
Jo 

which yields by Gronwall's inequality that 

e( sup ||M(tA<)||^^J ^Ct,^. (8.15) 

\iG[o,T] y 

Here and below, the constant Ct,n is independent of n and e. 
Set 

and for g ^ 2 



/2(t):=E( sup \WWw 



Note that 



Jo 



Jo Jo 
= : %Uo + Jiit) + J2it) + Jsit). 

By (iii) of Proposition 12.111 and Holder's inequality we have, for q > 

e( sup mmi. 



^e( sup / ^—^y(s,;u{s),g{Y{-),Vu{smLr>ds 
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Ms,;u{s),Q{Y{-),Vu{s)))\\l,ds 

J8.10l8.3t / /-SnW 

^ {I + \Hs)\\ll + \\Vu{s)\\%)^ 

KT\ ft Km rt 

< / (|m.)||^. + l)d. < / {h{s) + l)ds. 
Jo Jo 

On the other hand, by (^J^j, (KT8\i and (R3) we have, for m e 

II^(S) ■)«)llL(i2;eS) ^ ■,w)llip(M;Z2) + I|V^(S, " , m) || ip(M;Z2) 
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^ IkllL + IIVmIIL + 1 ^ ||m||hp + 1- (8.16) 
Thus, as above, by (iii) of Proposition 12.111 and Holder's inequality we have, for q > 



E sup 

sup / \\%-sipis, u{s)) k (s) W^P ds 

\t'6[0,a(t)] Jo 

||Tt_,V(s,-,M(s))||i,(;2.e^jds 



^ iVE I sup 

,t'6[0,aW] Jo 



( ft 1 v^' 



u{s)\\l, + l)ds 



^Ct,N [ (/2(S) + I)ds. 



Set 



G{t,s) := A/eTt_,?/^(s, -,^(5)) 
Then by (iii) and (iv) of Proposition 12.111 we have 

C 



\\Git,s) 
and for 7 G (0, (1 -a)/2) 

\\G{t',s) -G{t 



y^||V'(s,-,M(s))||2^(;..jjP) 

It' - 



Therefore, using Lemma [3.41 for q large enough, we have 



E| sup ||J3(t)||^. 



E I sup 



G{t',s)dW{s] 



C CtE 



IHISJ 



■5' ■'^('^))llL2a2;HS) 



ds 



^ Ct / (/2(s) + l)ds. 
Combining the above estimates, we get 

f2{t) ^ CWuoWl, + Gt,N [\f2{s) + l)ds 

^ Jo 

By Gronwall's inequality again, we find 



E I sup ||m 



^2a 



f2(T) ^ Ct,n, 
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which in turn imphes that 

hm sup P{< < T} = 0. 

The proof is complete. □ 

Moreover, under (R3), similar to the above lemma, we can check that (16.71) holds. Thus, 
using Theorem 16.31 we obtain 



Theorem 8.5. Let (M, g) be a compact Riemannian manifold, and p > d, a satisfy ( 8. 4)- 
Let uq G EI2. Under (R1)-(R3), {ue,e G (0,1)} satisfies the large deviation principle in 
CT{^2a) ^'''^h function I{f) given by 

where solves the following equation: 

u\t) = U0+ f [Au\s) + if{s,;u\s),Q{Y{-),Vu\s)))]ds 
Jo 



9. Application to stochastic Navier-Stokes equations 

9.1. Unique maximal strong solution for SNSEs. Let O he a. bounded smooth do- 
main in M.'^[d ^ 2), or the whole space W^, or dimensional torus T"^. Let 

w™'P(c) := {w"''P{o))'', w;;^'^(o) := {w;;''P{o)f 

and 

C-(0) :={uG(Co°^(0))'^:div(u) = 0}. 

Notice that W™'P(R'^) = Wj;''^(R'^) and W™'P(T'^) = W^'^iT'^). 

Let LP{0) be the closure of C^„{0) with respect to the norm in Lp{0) := {Lp{0)Y. 
Let be the orthonormal projection from Li'^[0) to L^((9). It is well known that 
can be extended to a bounded linear operator from L^((9) to L^(0) (cf. [28]) so that for 
every u G Lp{0) 

u=^,u + V7r, ne{LUO)r. 
The stokes operator is defined by 

ApU := -^pAu, ^{Ap) := n LP(0), (9.1) 

where 

BP := w^^p{0) n Wj'^(C) = ^(/ - Ap) 

and Ap is the Laplace operator on L^(0). 

It is well known that {Ap, Si{Ap)) is a sectorial operator on Lp((9) (cf. It should 

be noticed that when O = 01 T"^, since the projection I^p can commute with V (cf. 
[i6| p.84]), we have 

ApVL = -A^pU = -Au, u G ^(v4p). 

That is, the stokes operator is just the restriction of — Ap on W^'P(O) fl L^((9), where 
C = M'^ or T'^. 
Below, we write 

£,p := / + Ap 

and 

:= ^(£^/2). 
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Giga PD] proved that for a E [0, 1] 

= [LliO), ^{A,)]^ = n KiO), (9.2) 

where = [Lp(0), ]Hl2]o and [■, -jo, stands for the complex interpolation space between two 
Banach spaces. In particular, the following embedding results hold (see (17. 3p and (17.41) ): 

for p > 1 and 0<a;'<|<Q;^l 

||u||h?, ^ ||u||i,p^ ||u||h5 , ueHl, (9.3) 



2q 

and ioT q p, k — ^ < 2a — ^ 



and for a > - 

p 



In what follows, we fix 



W'^'^(O), (9.4) 
^ C,{0). (9.5) 



p> d, ^ < a < 1, (9.6) 

and consider the following stochastic Navier-Stokes equation with Dirichlet boundary (only 
for bounded smooth domain): 

du(t) = [Au(t) + (u(t) ■ V)u(t) + V7r(t)]dt 

+ F{t,u{t))dt + ^{t,n{t))dWit) 

u{t,-)\ao = 0, divu(t) = 0, 

, u(0,x) = uo(x), 

where u and vr are unknown functions, and 

F : M+ X Hf, ^ and v[/ : x H^, ^ 

are two measurable functions. 
We assume that 

(Nl) For each T,R> 0, there exist S > and Ct,r,5 > such that for alH, s G [0, T] and 
u,vGHL with ||u||hp^,||v||h^^ ^i? 

\\Fit, u) - Fis, v)||hs ^ CT,R,s[\t - + \\u - vIIh^J . 

(N2) For each T,R > 0, there exist a' > 1 and Ct,r > such that for all t G [0, T] and 
u,v G Hf„ with ||u||h?„, ||v||hL ^ ^ 



^2a 



||^f(t,u) - ^(t,v)||i2(i2;HS) ^ CT,R\\u-v\\iiP 

and 

ll*(t,u)|U,(P;H-^,) (9.8) 

Set 

$(t, u) := u + ^p[(u ■ V)u] + F{t, u). (9.9) 
Then Eq. (19.71) can be written as the following abstract form: 

du(t) = [-£pu(t) + <l>{t, u)]dt + ^(t, u)dW{s), u(0) = uq. (9.10) 

Theorem 9.1. Let p > d and | < a < 1. Under (Nl) and (N2), for any Uq G H2, there 
exists a unique maximal strong solution (u, r) for Eo. li9.lU\) so that 

(i) t I— >■ u{t) G H2 is continuous on [0, r) a.s.; 
(a) limtjT- ||u(t)||HP^ = 00 on {t < +00}; 
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(m) it holds that m Lp(C) = Hi 

u(t) = uo+ / [-i:pu(s) + <l>(s,u(s))]ds+ /" $(s,u(s))dl^(s) 

= uo+ / [Apu(s) + ^p((u(s) • V)u(s))]ds 

+ /" F(s,u(s))ds+ / ^(s,u(s))dW^(s), 
Jo Jo 

/or t G [0, r), P-a.s.. 
Proof. In view of (19. 6p , (19. 3p and (19. 5p , for any u, v G we have 



||^,[(u-V)u-(vV)v]||Lg ^ ||(u-V)u-(v V)v||lp 

^ ||u — v||l°° ■ II Vu||lp 

+ ||v||l°° ■ ||V(u - v)||lp 
^ I|u-v||h^^-||u||h^^ 

+I|v||hl-IIu-v||h^^, 

Thus, by (Nl) and (N2), it is easy to see that (M2) and (M4) hold for the above $ and 
The result now follows by Theorem 16.91 □ 

We now give two concrete functionals so that (Nl) and (N2) are satisfied. Let f : 
]R+ X (9 X M'^ — > M'^ be a measurable function, and satisfy that: for any T,R > 0, there 
exist constants S,Ct,r > and Afj^ G L^(C) such that for all t,s G [0,T],x G O and 
u, V G M"* with |u|, |v| ^ R 

\{{t, X, u) - f (s, X, v)K CT,R{\y{x) ■ \t - s\' + |u - v|). 

Let g : R_,_ x (9 x R'^ — > x R'^ be a measurable function, and satisfy that: 

'' S{t,x,u) = c{t)u + g2{t,x), ^ 

3a' > 1 s.t. sup (|c(t)| + ||g2(t, OIIh- ) ^ Ct, r ' ^ bounded; 
te[o,T] J 

t>d. j2\ 



{ g(t, -, ■) G C^{0 X R"; and for |u| ^ R, 

||V.9ug(t,x,u)||p + ||9^g(t,x,u)||^2 ^ Cr,t,J = 1,2, 



> , C = M*^ or T'^, 



sup ||Vig(t,-,0)||K.,p ^ A|^(x), J = 0,1, 2 

L telo,T] 



where X% j. G Lp{0). 
We define 



F(t,u):=^p(f(t,-,u)) 



and 



(9.11) 

*(t,u):=^p(g(t,-,u)). (9.12) 

One can see that (Nl) and (N2) hold. Indeed, for u, v G with ||u||hp^, ||v||hp^ ^ R, 
we have 

\\Fit, u) - Fis, v) IIl. ^ ||f (t, -, u) - f (s, -, v) IIl. 

193J 

^ CT,/?(|t-s|'^+ ||u-v||lp) 

^ CT,R{\t-s\' + \\n-^r\\^vJ. 
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Thus, (Nl) holds. For (N2), let us look at the case of O = M"^ or T"^. Since Ap can 



commute with ^r,, we have, for u, v G Hn„ with ||u||ttp , ||v||xip ^ R 

I2:T81 



^{t, u) - VI/ (t, v) lli^(p^HS) ^ 11-^^ ^plsit, u) - g(t, v)] 

^ ||(/-Ap)t[g(t,u)-g(t,v)]||2,(^^,.) 

k 



2a 



Using Lemma 12.131 as the calculations given in Theorem 18.21 one can verify that (19. 8p 
holds under (El). Thus, (N2) holds. 

9.2. Non-explosion and large deviation for 2D SNSEs. In this subsection, we study 
the non-explosion and large deviation for SNSE in the case of two dimension. For this aim, 
in addition to (Nl) and (N2), we also suppose that 

(N3) For any T > 0, there exists Ct > such that for all t G [0, T] and u G 

||F(t,u)||H. ^ Cr(||u||H2 + l), 

||F(t,u)||Hg ^ Ct(||u||h.^ + 1) 

and for i = 0, 1 

ll^(s,u)||i,(;2.H2) ^ Cr(l+ ||u||h2), 
ll^(s,u)||i2(,2.HS) ^ Ct(1 + ||u||h^J, 
where p and a satisfy (19.61) . 
We remark that F and defined by (19. lip and (I9.12p satisfy (N3) when f satisfies 

|f(t,x,u)| ^Ct(|u| + Ao(x)) 

and g satisfies {O = R^ otT^) 

\\dug{t,x,u)\\i2 ^ Ct, 
||g(t,x,u)||i2 + ||V,g(t,x,u)||p ^ Cr(|u| + Ai(x)), 

where Aq, Ai G Lp{0). 

We have the following result, the proof will be given in Lemma [9.71 below. 

Theorem 9.2. Let p > d and ^ < a < 1. Assume that (N1)-(N3) hold. Let (u, r) be the 

unique maximal solution of Eo JQ.l^) in Theorem \9.1[ Then r = +oo a.s.. 

We now consider the small perturbation for 2D stochastic Navier-Stokes equation: 
du,(t) = [-i:pu,(t) + <l>(t,u,(t))]dt + ye^(t,u,(t))dl^(t), u,(0) = uo 
as well as the control equation: 

du^(t) = [-Slp\l\t)+^{t,VL'{t)) + ^!{t,Vi\t))ff{t)\dt 

+x/^^(t,u^(t))dW^(t), u^(0) = uo, (9.13) 

where /i^ G (see (I2.23P for the definition of J^), and T > is fixed below. 

Let (u^,r^) be the unique maximal strong solution of Eq. (I9.13P with the properties: 

iim||u'(t)||H^^ = +00 on {t' < oo}, 

t I T 

and t I— >• u^(t) G is continuous on [0, r^). 

Before proving the non-explosion result (Lemma 19. 70 . we first prepare a series of lemmas. 
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Lemma 9.3. There exists a constant Ct > such that for any t G [0,T] and u G 



(u,-£2U + $(s,u))h2 ^ --||u||^2 + CT(||u||^g + l), 

(£2U,-£2U + <f(s,u))H2 ^ C||u||^g||u||ti.+CT(l + ||u||^.) 



and 



(9.14) 
(9.15) 

(9.16) 



||$(t,u)||Hg^CT(l + ||u||H.)-(l + ||u||H.J. 

Proof. Let u G Hg. Noting that 

(u, ^2((u ■ V)u))Hg = (u, (u • V)u)l. = ^ ^ u(a;) ■ V|u(a;)pdx = 0, 

by (N3) and Young's inequality we have 

(u,-£2U + <I>(s,u))h2 = -||u||^2 + (u,u + F(t,u)))H2 

Thus, (19.141) is proved. 

For (19.151) . noting that by Gaghado-Nirenberge's inequahty (cf. [271 P-24 Theoerem 9.3]) 
and ([92D 

|u||e2 ^ ||u||h2 ■ llu||„2. 



|u||loo ^ ||u| 



Hi 



by Young's inequahty we have 

(£2U,^2((u- V)u))h2 ^ 



u 



u 



u 



u 



u 



Hi 



+ ||^2((U-V)U)||^. 



^.+C||(u.V)u)||^. 

Ii + c\mI^-\\vm\\1, 

Hi +C||u||Hi ■ ||u||Hi ■ ||U||^2 

Li + c^l|u|lLi-Htif 



and by (N3) 



Thus, f l97[5D holds. 
Let 



(i:2U,F(s,u))H2 ^ 2ll"llHi +C't(1+ ||U||^2 



p < q < 



d 



p 



q-p' 



By Holder's inequality we have 





1 u 


■ Vu||lp 




u 


L.* ■ IIVuIIl. 










1 u 


H? ■ IIu||hl- 



The estimate (I9.16P now follows by (N3). 
Below, set for G N 

<:=inf{t^O: ||u^(t)||Hf„ >n}. 



□ 
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Lemma 9.4. There exists a constant Ct > such that for all e G (0, 1) and n G N 
E I sup ||u^(s)||L ) +e( \\m\s)\\1,A.^ ^ Ct. 



Proof. By Ito's formula we have 



l|2 





^ l|uo|lHg+2^ K(s),-i:2U^(s) + <l>(s,U^(s)))H2ds 

+2 r(u^(s),vl>(s,u^(s))/i^(s))H2ds 
: ||uo||^2 + Jl(t) + J2(t) + JsW + ^4(t). 



Set 



/(t):=E( sup J|u^(.)||^. 

First of all, noting that by fl9.14p 

Ji{t)<- f\\n'{s)\\l,.+Cr [\\\u^{s)\\l. + l)ds 
Jo Jo 



we have 



e( sup Ji{s)]+e([ " \\u'{s)\\l^As] ^Ct [ {f{s) + l)ds. 
\se[o,tAT,^A I \Jo ^ J Jo 



s&[o,tAT; 

By (N3) and Young's inequality we have 

"Mr' 



e( sup Ms)] ^ 2e(/^^"||u^(s)||h- 11^(3, u^(3))|U,(,.^Hg)-||/^^(^)lk^ds') 

\selo,tAT^] ) \Jo / 

^ 2iVE^ ||u^(s)||^.-||vI/(,,u^(s))||i^(,.^Hg)d^ 

^ ^f{t) + C^E (£'^"(1 + ||u^(s)||L.)d.^ 



^ -fit) + Cm I {l + f{s))ds. 



Similarly, we also have 



and 



e( sup Ms)] ^]fit) + C [\l + fis))ds 

\s&[0,tAr^] J 

e( sup Ms)] [ {1 + f{s))ds. 

\s&[0,tArf,] J Jo 
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Combining the above calculations we get 



tAr' 



fit) + 2EJ \\n'{s)\\i,,ds ^ 2||uo||^g + Cn + Cn f (1 + f{s))ds. 

The desired estimate follows by Gronwall's inequality. 
Set forn G M 



□ 



tAr^ 



\n^is)\\l,y\\u^{s)\\l,,ds + t 



^ \\^'{s)\\u2-\\n'{s)\\l.-l[0,rd^)ds + t 



and 



Clearly, t \—>- r]'^{t) is a continuous and strictly increasing function, and the inverse function 
of t 6''^{t) is just given by rj"^. Moreover, since > t, we have 

Lemma 9.5. For any K > there exists a constant Ck,n > such that for all e G (0, 1) 

and n eN 



^ C 



K,N- 



E I sup ||u"(sj;||jj2 

^se[o,eUK)AT^] ' 
Proof. Consider the following evolution triple 

c H? C Hi 

By Ito's formula (cf. [68]), we have 

^ Jo ° 



u 



Set 



+2 / (£2U^(s),^(s,u^(s))/i^(s))H2ds 
Jo " 

+2V~e J2 f ^^(^' m\s)))^AW\s) 

k 

f \\^k{sMm\iii^s 

||uo||^2 + Jl(t) + J2{t) + Ht) + Ut). 

fit) := e( sup ||u^(^:(s)A<)l|^. 

\se[o,t] ' 

= e( sup ||u^(s)||^ 



^se[o,e^(t)AT 

For Ji(t), by fl9J[5l) we have, for t G [0, fsT] 



C||u^(.)||^.-||u^(.)||^.+Ck(1 + ||u^(s)1|^ 



ds 
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^ c 



c 



u 



|u^(sA<)||^2dr/^(s) + Cx 



where the last step is due to the substitution of variable formula . So, 

E I sup J^{e^^{s) At^^)] [ f{s)ds + Ck. 

\s&[0,t] J Jo 

Using the same trick as used in Lemma [9.41 and by (N3), we also have 

e( sup J,(^^(s)Ar^) I <:lf{t) + CN,K [\f{s) + l)ds, z = 2,3,4. 
Thus, we get 

/(t) ^2||uo||^.+C;v,i^ / {f{s) + l)ds, 
^ Jo 

which yields the desired estimate by Gronwall's inequality. □ 
Set for M > 

C(M) :=inf{t^O:||u^(tA<)||H?^M}. 

Lemma 9.6. For any M > and q ^ 2, there exists a constant Ct,m,n > such that for 
all e G (0, 1) and n G N 



E 



sup ||u' 

te[0,TAr^Aa(A/)] 



T,M.N- 



Proof. Set for t G [0,T] 
and for g ^ 2 



m ■.= tAT:,ACn{M) 
fit) := E 



Note that 



sup ||u'(t)||?^p 



ft pt 











/ %.s'^{s,u'{s))dW{s). 
Jo 

By (iii) of Proposition 12.111 Holder's inequality and Lemma [9.161 we have, for q > 



E 



sup 

t'e[o,aW] 



/ %>..Ms,u'{s))ds 
Jo 



no 



^ E 



^ E 



sup 1 / / 

t'&io,m)] \Jo - 



ms,u^is))\Uds 



aw 



||<l>(.,u^(s))||^,d. 
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MM 



(i + I|u^(^)IIL?)-(i + II"^(^)IIhl) 

^ Cm [\f{s) + l)ds. 
Jo 



ds 



On the other hand, set 

Then by (iii) and (iv) of Proposition 12.111 we have 

^^11^(3, U^(.))||L,,HS) 

and for 7 e (0, (1 - a)/2) 



\\G{t',s)-G{t,s)\\' ^ 



\t'-t[ 



{t - 

Therefore, using Lemma [3.41 for q large enough, we get 



E I sup 

t'e[o,TAC^(t)] 



t' 



G{t',s)dW{s) 







(N3) /•* 

^ Ct / {f{s) + l)ds. 
Jo 



Similarly, we have 



E I sup 

t'e[o,TA^Ut)] 



^ Ct,n / if is) + l)ds. 
Jo 

Combining the above calculations, we obtain 

fit)<CT,M,N f fis)ds + Gj 

Jo 



-'T,M,N, 

which yields the desired estimate by Gronwall's inequality. 
Lemma 9.7. It holds that 



lim sup P\uj : r^(cu) ^ t| = 0. 



'^£(0,1) 

Proof. First of all, for any M, K > we have 

P{C(M)<T} ^ P{CiM)<T;e';^iK)^T} + P{et,iK)<T} 

= pJ sup ||u^(tA<)||H?>M;^^(K)^T 
[te[o,T) 

+P \ sup r]'^is) > K 

ys&[o,T) 
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^ p\ sup ||u^(t)||H2>Ml+P{<(T)>7^'} 

[telQ,ei{K)AT^] J 



^ E sup \\u^{t)\\i,,\/M' + E{v^^{T))/K. 



Hence, by Lemmas 19.41 and 19.51 we have 

lim sup P{C(M) < T} = 0. 

Secondly, we also have 

P{< < T} ^ P{< < T; C(M) ^ T} + P{C(M) < T}. (9.18) 
For the first term, by Lemma 19.61 we have 

P{< < T; C(M) ^ T} = P I sup ||u^(t)||HL > C(M) ^ T 

^ pi sup ||u^(t)||HL^n;C(M)^T 

tG[0,TAr^] 



^ P{ sup IIu^WIIhl 

^ E I sup ||u^(t)||^P ) /n" 

^ Ct,m,n 

where Ct,m,n is independent of e and n. The desired limit now follows by taking limits for 
([IIHD, first n ^ oo, then M ^ oo. □ 

Thus, using Theorem 16.31 we get: 

Theorem 9.8. Let O = T"^ or a bounded smooth domain in M^. Under (N1)-(N3), for 
uq G H2, {ue,e G (0,1)} satisfies the large deviation principle in Ct(H2q) with the rate 
function I{f) given by 

lU)--=\^ mf \\h\\l /eC^HL), 

2 {/i64: /=u''} T 

where solves the following equation: 

u^(t) = uo+ f AW'{s)<1s+ r ^p((u^(s) ■ V)u'^(s))ds 
Jq Jo 

+ [ F{s,u''{s))ds+ [ ^(s,u'^(s))/i(s)ds. 
Jo Jo 
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